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Abstract. In inertial microfluidics lift forces cause a particle to migrate across streamlines to specific posi-
tions in the cross section of a microchannel. We control the rotational motion of a particle and demonstrate
that this allows to manipulate the lift-force profile and thereby the particle’s equilibrium positions. We
perform two-dimensional simulation studies using the method of multi-particle collision dynamics. Parti-
cles with unconstrained rotational motion occupy stable equilibrium positions in both halfs of the channel
while the center is unstable. When an external torque is applied to the particle, two equilibrium positions
annihilate by passing a saddle-node bifurcation and only one stable fixpoint remains so that all particles
move to one side of the channel. In contrast, non-rotating particles accumulate in the center and are pushed
into one half of the channel when the angular velocity is fixed to a non-zero value.

1 Introduction

The transport of particles in a fluid is a recurring problem
on very different length scales. It ranges from dust particle
in oil transport to cells in biomedical applications. In all
these systems fluid inertia cannot be neglected and iner-
tial migration of particles across streamlines is observed.
In particular for biomedical applications a large number of
microfluidic devices using inertial migration has been pro-
posed in recent years [1-7]. They are used for cell counting,
cell sorting, and mechanical phenotyping.

The devices are carefully designed for controlling the
motion of the dispersed colloidal particles. Commonly
they use a combination of special shapes for the mi-
crochannel cross sections and the action of inertial lift
forces to tailor the equilibrium positions of the particles at
the channel outlet [5,6]. Examples are regular extrusions
along the channel to create microscale vortices [2, 3], a
trapezoidal channel cross section to enhance particle sep-
aration [6], or the controlled placement of pillars into the
fluid flow to guide particles through the channel [8]. Aside
from geometry, microfluidic devices commonly employ ex-
ternal control fields both at low and modest Reynolds
numbers Re. Sheath flows are used to focus particles [9]
and to analyze the mechanical properties of cells in or-
der to detect cancer [7]. Optical tweezers are employed,
in combination with feedback control [10-12] or as optical
lattices [13], to enhance particle separation.

This article deals with rotating particles in microflu-
idic channels. Using the angular momentum of light, op-
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tical tweezers operating in the Laguerre-Gaussian mode
can transfer angular momentum to birefringent or shape
anisotropic particles and rotate them [14,15]. Superpara-
magnetic beads align with an intrinsic axis along an ex-
ternal magnetic field due to a small anisotropy in their
magnetic susceptibility [16]. In particular, they can follow
a rotating magnetic field and assume its angular veloc-
ity [17]. Rotating particles were used to study the me-
chanical properties of DNA [18] and show rich patterns
of self-organization [19,20]. Furthermore, rotating colloids
were employed to construct micropumps both in experi-
ments [21,22] and simulations [23,24].

Segré and Silberberg were the first to explicitly attrib-
ute cross-streamline migration at intermediate Reynolds
number to fluid inertia [25]. The theoretical analysis of
inertial effects in microfluidics is complicated by the non-
linear convection term of the Navier-Stokes equations. An-
alytic studies [26, 27] are only partly applicable as they
assume particle sizes much smaller than the channel di-
ameter, which is not valid in many microfluidic devices.
Here numerical simulation studies are important. Previ-
ous investigations used the finite-element method [28,29],
lattice-Boltzmann simulations [30,31], and the method of
multi-particle collision dynamics [32].

Inertial lift forces are a common means to describe
cross-streamline migration of particles in inertial microflu-
idics. In this article we investigate how the controlled ro-
tational motion of a colloidal particle influences the lift-
force profile and thereby the equilibrium positions in the
channel cross section. We will perform two-dimensional
simulation studies based on the method of multi-particle
collision dynamics. When the particle’s rotation is not con-
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Fig. 1. Two-dimensional channel geometry with width 2w.
A parabolic Poiseuille flow at Reynolds number Re drives a
circular particle with diameter 2a. The particle moves with an
axial velocity v, and angular velocity 2. It experiences the
inertial lift force fig, in lateral direction.

strained, it occupies stable equilibrium positions in both
halfs of the channel while the center is unstable. We first
control particle rotation by an external torque and show
that with increasing torque particles only occupy one half
of the channel when passing a saddle-node bifurcation. In
contrast, non-rotating particles accumulate in the center
and are pushed to one side of the channel for non-zero but
fixed angular velocity.

The article is organized as follows. In sect. 2 we de-
scribe the system geometry and shortly introduce the sim-
ulation method. In sect. 3 we review particle motion in the
inertial regime without rotation control. We study the ef-
fect on the lift force profile when an external torque is
applied in sect. 4 and when the angular velocity is con-
trolled in sect. 5. Finally, we close with a summary and
concluding remarks in sect. 6.

2 Methods
2.1 System

We consider a two-dimensional channel geometry with
width 2w and length L as sketched in fig. 1. The channel is
filled by a Newtonian fluid with kinematic viscosity v and
density p. We apply a pressure-driven, parabolic Poiseuille
flow with maximum flow velocity umax at the channel cen-
ter and characterize the relevance of fluid inertia by the
channel Reynolds number Re = 2uyaxw/v. The vorticity

Q0(Z) = [V x w(Z)],/2 assumes its maximum value at
the channel wall and equals 2,.x = vRe/2w?. In units of
the MPCD method introduced below, the respective chan-
nel width and length are 2w = 36 and length L = 100.
Along the channel axis we implement periodic boundary
conditions and choose the coordinate system such that the
z-axis points along the axial direction and the x-axis along
the lateral direction.

Inside the channel we place a neutrally buoyant, circu-
lar particle with radius a. We denote its lateral distance
from the center line by x. The particle moves with an axial
velocity v, along the channel and experiences a lateral lift
force fiify while rotating with an angular velocity (2.

2.2 Multi-particle collision dynamics

To simulate the flow of a Newtonian fluid, we use the
method of Multi-Particle Collision Dynamics (MPCD)
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[33-35]. MPCD is a mesoscopic Navier-Stokes solver which
includes thermal fluctuations. It uses point particles which
stream during a time intervall At. with their respective
velocities. Then during the collision step the simulation
volume is divided into cells. The velocities of the particles
in each cell are redistributed by a collision rule such that
linear momentum is preserved. Here we employ a specific
variant of MPCD called MPCD-AT+a, which simulates
fluid flow at constant temperature and also conserves lo-
cal angular momentum which is especially important when
considering rotating surfaces [36]. Details of our imple-
mentation and also how to generate the pressure-driven
Poiseuille flow are described in our previous work on in-
ertial microfluidics with three-dimensional flows [32].

In our simulations we choose all quantities in MPCD
units. In particular, we use the edge length of the quad-
ratic collision cells a = 1, the collision time At., = 0.1,
density p = 10, and temperature 7' = 1. These param-
eters result in a kinematic viscosity v = 0.42 which we
calculate from analytic expressions derived in [37]. As al-
ready explained in ref. [32], thermal fluctuations are too
strong in the simulations. However, by averaging over a
sufficient number of realizations, we are able to determine
lift-force profiles which we are mainly interested in.

2.3 Lift-force profiles and probability distributions from
MPCD simulations

To determine lift forces acting on a particle and its axial
velocities as a function of particle position, we keep the
lateral position x fixed by always setting the lateral veloc-
ity v, to zero. The motion along the channel axis and the
rotational motion of the particle are not constrained. We
determine the lift force fys by averaging the momentum
transfer from the fluid particles on the colloidal particle in
steady state over the last 49000 time steps. Averaging over
the same time steps, also gives the steady state axial veloc-
ity v, and the angular velocity {2 of the particle. In sect. 5
we will consider particle motion with constrained angu-
lar velocity. Then we also calculate the torque 7 exerted
by the fluid onto the particle by averaging the angular
momentum transfer in steady state.

We determine the center-of-mass distribution function
of the colloidal particle by letting it move without any
constraints through the channel. From the particle tra-
jectories we calculate the distribution functions using a
kernel density estimate [38] with a bandwidth b = 0.03w
as explained in [32].

3 Uncontrolled rotational motion

First we illustrate the basic features of particle motion in-
side a microchannel in the inertial regime at intermediate
Reynolds number when particle rotation is not controlled.
Due to the inertial lift force, the particle migrates across
streamlines counterbalanced by thermal diffusion. As a
result, a stationary center-of-mass distribution function
P(z) in lateral direction forms, which we plot in fig. 2.
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Fig. 2. Lateral center-of-mass distribution function P(z) for
different particle sizes a/w at Reynolds number Re = 33. Ro-
tational particle motion is not controlled. Inset: lateral distri-
bution function for different Re and a/w = 0.4.

We observe how P(z) gets narrower and shifts towards
the channel center with increasing particle size a/w. The
peak is located at the position of zero lift force. In ad-
dition, the distribution function becomes narrower with
increasing Reynolds number as demonstrated in the inset.

In fig. 3 we plot the lift-force profile for particle sizes
a = 0.3w and 0.4w at channel Reynolds number Re = 33.
The channel center at x = 0 with fjiz = 0 is an unstable
fixpoint since any disturbance drives the particle towards
the channel walls. However, close to a wall the particle is
pushed towards the channel center. Both effects chancel at
about r ~ +0.3w and a stable equilibrium position with
Suee = 0 occurs. Furthermore, we observe that the strength
of the lift force increases with increasing particle size. The
particle rotates with an angular velocity {2 which is linear
in the distance from the center as the inset of fig. 3 shows.
Indeed, from Faxen’s law [39], we expect {2 to be equal to
the local vorticity in an unconstrained fluid, which for an
unperturbed Poiseuille flow is linear in z. Small deviations
due to hydrodynamic interactions with the bounding walls
will be illustrated in more detail in fig. 12. Both, the distri-
bution functions and the lift-force profiles show the same
qualitative behavior as in simulations of three-dimensional
systems [28,32]. As demonstrated in [32], we can interpret
the lateral distribution function as a Boltzmann distri-
bution since the particle performs thermal motion in a
potential associated with the inertial lift force.

One can explain the lateral lift force as the result of
a difference in dynamic pressure that occurs when in a
shear flow the flow velocities close to the particle surface
vary [40]. In particular, in this interpretation the inertial
lift force is caused by the curvature of the Poiseuille flow
profile. The absolute relative velocity between the colloid
and fluid is higher on the wall side than on the side fac-
ing the channel centerline. This creates a lower dynamic
pressure on the wall side and the particle is pushed to-
wards the wall. Following this explanation, we therefore
expect that changing the angular velocity of the colloid
alters the lift-force profile since the relative velocities on
the two colloid sides change in the opposite way. In the
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Fig. 3. Lift-force profiles fis plotted versus particle position
x for two particle sizes a/w = 0.3 and 0.4 at Re = 33. The
inset shows the angular velocity {2 of the particle in units of
the maximum vorticity 2max plotted versus x.

following two sections we will explore this effect and show
how it can be used to control lateral particle migration in
the microchannel.

4 Control by torque

In the present section we investigate how one can control
particle migration by applying a constant torque 7 to the
particle. From fig. 4, where we plot the lateral center-of-
mass distribution for increasing 7, we observe that the
external torque breaks the original mirror symmetry of
the microfluidic system. With increasing 7 particles pref-
erentially move to the upper half of the channel (z > 0)
and ultimately the asymmetric bimodal distribution as-
sumes a unimodal shape. The reason becomes clear with
the help of fig. 1. In the lower half of the channel the par-
ticle side facing the wall moves with the flow due to the
applied torque which decreases the difference in relative
flow velocities between both sides of the particle. In the
upper half the difference increases and thereby the differ-
ence in dynamic pressure becomes larger. This results in
a force which pushes the particle against the upper wall.
Modifications in the lift-force profile reflect the change
in the distribution function as demonstrated in fig. 5.
With increasing torque the whole force profile is shifted
upwards. Stable and unstable equilibrium positions in the
lower half of the channel (z < 0) move towards each other.
They ultimately merge (not shown) and vanish completely
which corresponds to the case where the distribution func-
tion becomes unimodal. Figure 6 illustrates the corre-
sponding bifurcation scenario by plotting the equilibrium
positions z.q of the fix points versus the applied torque.
The stable and unstable fixpoint in the lower half of the
channel merge and annihilate each other in a saddle-node
bifurcation, while the second stable fixpoint slightly moves
towards the wall. We determined the bifuraction scenario
directly from the distribution functions in fig. 4. The un-
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Fig. 4. Distribution with a additional torque imposed on the
particle for Re = 33, a/w = 0.4. The torque breaks the sym-
metry of the system and leads to a preferential migration in
direction of the faster particle side.
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Fig. 5. Lift-force profile for several applied torque values 7 for
a/w = 0.4 and at Re = 33. Inset: rotational velocity plotted
versus x for the same torque values.

stable fix point corresponds to the minimum in the dis-
tribution function while the stable equilibrium positions
follow from the maxima.

The inset of fig. 5 shows how the applied torque 7
changes the angular velocity (2 along the channel cross
section. This is well described by Faxén’s law [39]

02— 0Qy=&17 (1)
However, small deviations occur due hydrodynamic inter-
actions with the channel walls, as we will demonstrate in
the following section and fig. 12. Here 2y(x) is the vortic-
ity of the unperturbed Poiseuille flow and &, = 4mpra? the
rotational friction coefficient of a circular disk [41]. In con-
trast to an equivalent investigation at small Re =~ 0 [23],
we do not observe that the axial particle velocity v, varies
for different torques and compared to the free particle mo-
tion (not shown). We expect this since the external driving
by the Poiseuille flow is quite strong.

@ stable
O unstable
|

0 1 2 3 4 5 6
7/ p1?
Fig. 6. Bifurcation scenario for the stable and unstable equi-
librium positions z.q plotted as a function of the applied torque

7. The particle size is a/w = 0.4 and Re = 33. A saddle-node
bifurcation occurs.
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Fig. 7. Lift-force profiles at Re = 33 for zero torque (blue) and
7 = 0.12{,9max (green) for two particles sizes a = 0.3w (solid)
and a = 0.4w (dashed). Inset: rotational velocity plotted versus
x for the same parameters.

In fig. 7 we plot the lift-force profile for zero torque
and 7 = 4.5pv2 for two particle sizes a = 0.3w and 0.4w.
Surprisingly, the applied torque shifts the force profiles for
both particle sizes upwards by the same force value. Only
close to the wall deviations occur since the torque-induced
lift force has to compete with the strong wall-induced lift
forces. Since the rotational friction coefficient of the small
particle is smaller by a factor (4/3)? = 1.77 compared
to the larger particle, we observe a stronger increase in
the angular velocity as documented by the inset in fig. 7.
We obtain quantitative agreement with Faxén’s law (1)
with small deviations when the particle approaches the
walls.

The contribution to the lift force generated by the ap-
plied torque is an inertial force. In fig. 8, we plot distribu-
tion functions for different Reynolds numbers Re all deter-
mined with the same applied torque. We observe that with
decreasing Re the particle focussing vanishes although the
imposed torque stays the same.
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Fig. 8. Distribution functions for a fixed torque value 7 =
2.8p1? at different Reynolds numbers.
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Fig. 9. Particle distribution functions along the lateral direc-
tion for different angular velocities {2 imposed on a particle
with radius a = 0.4w at Reynolds number Re = 33.

5 Control by angular velocity

So far, we controlled the external torque acting on the par-
ticles. It adds a constant rotational velocity to the position
dependent part {2y, which is given by the local vorticity
of the Poiseuille flow. Now, we control the particles’ ro-
tational velocity {2 and keep it constant in the channel
cross section. This will offer new insights. To impose {2,
we think, for example, about superparamagnetic colloids.
The magnetic susceptibility is typically anisoptropic and
the particles align with their intrinsic axes along an exter-
nal field [16]. The particle axis can also follow a rotating
magnetic field and revolves with the same angular veloc-
ity [17].

Figure 9 shows particle distribution functions along
the lateral direction for different angular velocities 2. The
particle has a radius a = 0.4w and the Reynolds number
is Re = 33. We observe that the distribution P(x) is uni-
modal for all angular velocities in contrast to the bimodal
distribution when the particle rotation is not controlled.
At 2 = 0 the particle predominantly stays in the cen-
ter of the channel. With increasing angular velocity the
maximum of P(z) shifts towards the wall, in agreement
with our findings for the lift-force profile discussed below
and illustrated in fig. 11. These results show that parti-
cle rotation is important for inertial focussing. In contrast
to findings in [28], we are even able to focus the parti-
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Fig. 11. Lift-force profiles for several imposed angular veloci-
ties £2 and the unconstrained motion with 2 = 2y oz (). Inset:
torque necessary to impose a given angular velocity at different
lateral positions .

cle to the channel center. Finally, we note that a negative
(2 shifts the particle into the lower half of the channel.
So within inertial microfluidics on can position particles
inside the channel by controlling their angular velocity.

To be more quantitative, we determine the equilibrium
position z.q from the maximum of the distribution func-
tion and in fig. 10 plot it wversus the angular velocity (2
for different particle sizes and Reynolds numbers. Starting
from the center for zero angular velocity, the particle posi-
tion shifts closer to the wall with increasing {2, as already
stated. Similar to the unconstrained case, the equilibrium
position of the smaller particle is always closer to the wall
as the green (¢ = 0.3w) and the red (e = 0.4w) graph
illustrate. We also plot the equilibrium position of a par-
ticle with radius a/w = 0.4 at a lower Reynolds number
Re = 13. Since we rescale {2 by the maximum vorticity
Qmax x Re, the absolute values of the imposed angular
velocities are only 40% of the ones at the larger Reynolds
number. Nevertheless, with this scaling we observe a simi-
lar behavior of the equilibrium positions for both Reynolds
numbers.
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Fig. 12. The deviation AT = 7 — &.(2 — (2y) from the torque
expected according to Faxén’s law, plotted either for prescribed
torque 7 or angular velocity 2 for a/w = 0.4, Re = 33. Inset:
the effective rotational friction coefficient feq = 7/(2 — 20,e5)
plotted wversus particle position.

Figure 11 shows how the inertial lift-force profile is in-
fluenced by the imposed constant angular velocity (2. For
comparison, we also show the lift-force profile of an uncon-
strained particle which has an angular velocity of 2y e ()
almost equal to the vorticity of the Poiseuille flow (2, as
mentioned earlier. When we prevent the particle from ro-
tating, it experiences a force which always drives it back to
the channel center. With increasing angular velocity, the
equilibrium position shifts towards the wall in agreement
with our findings for the distribution function. Close to the
wall the wall lift force dominates and all curves fall on top
of each other. We observe similar behavior for other par-
ticle sizes and Reynolds numbers (not shown). The inset
shows the external torque necessary to impose the con-
stant {2. Clearly, for {2 = 0, the torque has to compensate
the rotational motion induced by the vorticity 2y of the
Poiseuille flow 7 = £,.£2y. The straight line is then shifted
upwards by A7 = &,.12.

In the end we test the validity of Faxén’s law as for-
mulated in eq. (1) with the vorticity of the unperturbed
Poiseuille flow. Through hydrodynamic interactions with
the channel walls additional flow fields are initiated, which
contribute to the flow vorticity. We thereby expect devia-
tions from Faxén’s law, when the particle comes close to
the wall. To illustrate this, we plot in fig. 12 the devia-
tion from Faxén’s law, At = 7 — £,.(£2 — (), along the
x direction. We either fix particle torque 7 and determine
particle rotation {2 by Faxén’s law in eq. (1) or vice versa.
Clear deviations, when the particle approaches the walls,
are visible. The deviations are due to two effects. The real
rotational velocity {2y .g of the unconstrained particle de-
viates from 2y and the particle experiences an increased
rotational friction, in particular, close to the channel walls.
We determine an effective friction coefficient by averaging
et = T/(£2 — 2y enr) over all data sets and plot it in the
inset of fig. 12. We observe a pronounced increase as the
particle approaches the wall.
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6 Conclusion

In this article we investigated the motion of a colloidal
particle in a two-dimensional channel geometry subject to
a pressure-driven Poiseuille flow at intermediate Reynolds
numbers. We performed a simulation study using multi-
particle collision dynamics. We focused on how control of
the particle’s rotation modifies the lift-force profile and
thereby the particle’s equilibrium positions in the chan-
nel cross section. For uncontrolled particle motion we ob-
served a strong influence of particle size on the equilibrium
position in accordance with previous results in three di-
mensions [28,42]. We also discussed the origin of the lift
force. In a parabolic flow the fluid velocities in the frame
of the colloid differ for the two particle sides facing either
the wall or the channel center which creates a dynamic
pressure difference [40]. Since the rotational velocity of
the particle directly influences the fluid flow, we argued
that a control of particle rotation also modies the lift-force
profile.

To test this prediction, we first applied a constant
torque to the particle. This breaks the mirror symme-
try with respect to the channel axis and the particle pre-
ferentially migrates to one channel half. With increasing
torque, the lift-force profile is shifted upwards to larger
values meaning that the positions of the unstable and sta-
ble fixpoint in the lower channel half move towards each
other until they annihilate in a saddle-node bifurcation
and only the stable fixpoint in the upper channel half re-
mains. Second, we directly controlled the particle’s angu-
lar velocity which in experiments can be achieved with a
rotating magnetic field. When the particle does not ro-
tate, it stays in the channel center, and with non-zero
rotational velocity it moves into one half of the channel.
This offers an interesting possibility to effectively sepa-
rate non-magnetic and magnetic particles from each other
by controlling the rotational velocity of the latter particle
type. The response of the particle to an applied torque or
a controlled rotational velocity agrees well with Faxén’s
law. Deviations occur due to the bounding walls which
modify the unconstrained rotation of the particle and its
rotational friction coefficient.

After having explored the main effect of controlled par-
ticle rotation, we will extend our investigations to three-
dimensional channel geometries. Here, more stable and
unstable fixpoints occur [31] and it will be interesting to
check how they are modified under controlled rotation.
Furthermore, at low Reynolds number dense suspensions
of colloids subject to a constant torque show very interest-
ing collective behavior [23]. When we combine this with
the spontaneous ordering of particles into one-dimensional
crystals at moderate Reynolds number due to the pres-
ence of inertial lift forces [43,44], we expect a very rich
and interesting collective behavior, which we plan to ex-
plore.

We acknowledge financial support by the Deutsche Forschungs-
gemeinschaft in the framework of the collaborative research
center SFB 910.
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