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Stochastic Differential Equations in Applications

TUTORIAL 2: Stratonovich and Ito calculus, the Fokker-Planck equation
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The direction of swimming of an active particle is given by a unit vector p, | 7 |= 1. The equation
of motion for p'is given by a Stratonovich sde

p=1(t) x P,
where 7j(t) = (nz(t),7y(t), n:(t)) with (n;(£)ne(t')) = dird(t —t').
You have decided to integrate this equation using the simple Euler scheme
Pt + 6t) = p(t) + dW (t) x A1),

where dWW (t) represents a vector-valued Wiener process.

Show that the magnitude of the vector p is not consereved in the Euler scheme and that the
corresponding error is given by Error=1/2 | p(t) | 6t.

. Let ¢(t) be a one-dimensional Wiener process. In the class we have shown that the Stationary

autocorrelation function for ¢(t) = cos [¢(t)] is given by

() = oo (1t 1).

Confirm this result by the direct integration, taking into account the distribution density for the
Wiener process
(¢ — ¢0)*
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The evolution equation for the projection of the direction of swimming ¢(t) of an active particle,
which moves in 3D, is given by the Stratonovich sde

¢=—Drqg—/1—¢n(t),

with (n(t)n(t')) = 2D,6(t — t'). Using the corresponding Fokker-Planck equation, compute the
conditional average (q(t)|qo, to) and the stationary ACF (q(t)q(t')).
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