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Abstract. Phasons are special hydrodynamic modes that occur in quasicrystals. The trajectories of particles due to a phasonic drift were recently studied by Kromer et al. (Phys. Rev. Lett. 108, 218301 (2012))
for the case where the particles stay in the minima of a quasicrystalline potential. Here, we study the mean
motion of colloidal particles in quasicrystalline laser ﬁelds when a phasonic drift or displacement is applied
and also consider the cases where the colloids cannot follow the potential minima. While the mean square
displacement is similar to the one of particles in a random potential with randomly changing potential
wells, there also is a net drift of the colloids that reverses its direction when the phasonic drift velocity is
increased. Furthermore, we explore the dynamics of the structural changes in a laser-induced quasicrystal
during the rearrangement process that is caused by a steady phasonic drift or an instantaneous phasonic
displacement.

1 Introduction
Quasicrystals are not periodic in space but still possess
long-ranged positional order [1, 2]. A special feature of
quasicrystals are the so-called phasons, which are hydrodynamic modes that like phonons do not change the free
energy in the long wavelength limit [3]. The properties of
phasons in atomic quasicrystals are a major topic of research and discussions [4, 5]. Recently, the motion of particles due to a phasonic drift was revealed by studying the
trajectories of colloids in a laser ﬁeld with quasicrystalline
symmetry [6, 7].
Colloidal particles in external ﬁelds are a widely studied system in statistical physics [8]. Especially by applying
a laser ﬁeld to a two-dimensional colloidal suspension, the
colloidal particles are forced into the regions of largest
laser intensity [9, 10]. Therefore, a laser ﬁeld acts like a
substrate or external potential and can be employed to
obtain colloidal structures with the same symmetry as
the laser ﬁeld [11]. For example, by using the interference
patterns of ﬁve, seven, or more laser beams, light-induced
colloidal quasicrystals are obtained. They are widely used
as a model system to study the behavior of particles on
quasicrystalline substrates, e.g., to explore the ordering
of the particles [12–16], their dynamics [17–20], or in order to answer fundamental questions related to the stability [21, 22] or frictional properties [23] of quasicrystals.
a
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The collective rearrangements due to a phasonic displacement were demonstrated in [13] for a decagonal phase and
in [15] for an Archimedean tiling-like ordering.
For a quasicrystalline substrate with phasonic drift,
i.e. for the case where the phasonic displacement is increased at a constant rate in time, the trajectories of the
colloidal particles can be predicted in the limit of slow
phasonic drifts, small friction, and at low temperatures or
large laser intensities [6, 7]. In this limit the colloid follows the positions of the minima of the external potential
that is created by the laser ﬁeld. Only when a minimum
disappears, the colloidal particle slides into a potential
well nearby. The colloidal path is determined by the behavior of a particle within characteristic areas of reduced
phononic and phasonic displacement [6, 7]. Therefore, only
a few types of trajectories occur, e.g., for a phasonic drift
in the x-direction some colloids move on straight paths to
the right (red particles in ﬁg. 1(a)) while the other follow
zigzag trajectories to the left (depicted green in ﬁg. 1(a)).
For a phasonic drift in the y-direction the colloids move on
zigzag paths either from top to bottom or from bottom to
top (ﬁg. 1(b), shown in brown and magenta, respectively).
For large phasonic drift velocities, a large friction constant, or a small potential strength, the colloidal particles
cannot follow the motion of the minima of the substrate.
Furthermore, at a ﬁnite temperature a colloid might jump
from one potential well into another one. Therefore, the
colloidal particle does not follow deterministic trajectories.
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a laser ﬁeld with decagonal quasicrystalline symmetry, we
consider the interference pattern of ﬁve laser beams, which
corresponds to an external potential given by [24, 17]
V (r) = −

4
4
V0  
cos [(Gj − Gk ) · r + φj − φk ],
25 j=0

(1)

k=0

where Gj = (2π cos[2πj/5]/aV , 2π sin[2πj/5]/aV ) are the
wave vectors projected onto the xy-plane, aV is the length
scale of the potential, and φj are the phases of the laser
beams. In experiments the corresponding laser ﬁeld can be
obtained by splitting a laser beam into ﬁve parts. The ﬁve
beams then are focused onto the sample in a way that is
symmetric with respect to the direction perpendicular to
the sample cell (cf. [14, 16]). The phononic displacement
u = (ux , uy ) and the phasonic displacement w = (wx , wy )
are realized by choosing the phases according to [3]
φj = u · Gj + w · G3j mod 5 .
Fig. 1. Colloidal particles on a decagonal substrate. (a) For
a phasonic drift in the x-direction the red particles move on
straight trajectories to the right, the green particles follow
a zigzag path to the left. (b) For a phasonic drift in the ydirection, all particles move on zigzag trajectories. The brown
colloids head from top to bottom, the magenta ones move in the
opposite direction (cf. [6]). (c,d) Snapshots of a laser-induced
colloidal quasicrystal (c) before and (d) after a phasonic displacement in the y-direction. The gray areas indicate the lines
of symmetry centers. The sequence of the distances between
these lines is altered by the phasonic displacement.

In experiments only four phases have to be controlled simultaneously because the global phase does not change
the potential. In the following we either consider a phasonic drift, where the phasonic displacement is increased
at a constant rate in time, or we assume a constant global
phasonic displacement w that does not depend on position
and is switched on instantaneously.
In sect. 4 we consider colloidal particles which interact by the pair potential φ(rij ) of the Derjaguin-LandauVerwey-Overbeek-theory [25, 26]
2

In this article, we study the average motion of colloidal
particles in a substrate with phasonic drift beyond the
limits considered in [6, 7].
We also study how phasonic displacements or drifts
aﬀect laser-induced decagonal colloidal quasicrystals. As
shown in ﬁg. 1(c,d), a phasonic displacement enforces a rearrangement of the colloidal particles. For example, some
lines of local symmetry centers are displaced to a new location. We determine how the quasicrystalline order is restored after an instantaneous phasonic displacement and
analyze the colloidal structure on a decagonal substrate
with a steady phasonic drift.
The article is organized as follows. In sect. 2 we introduce the model and describe the details of our Brownian dynamics simulations. In sect. 3 the motion of single particles in a potential with constant phasonic drift
is described while in sect. 4 the rearrangement process of
a light-induced quasicrystal due to a phasonic drift or a
phasonic displacement is studied. Finally, we conclude in
sect. 5.

2 Model system and simulation details
We consider a charged-stabilized colloidal suspension that
is subjected to a laser ﬁeld. The colloids are forced into
the areas with the largest laser intensity [9–11]. To obtain

(2)

(Z ∗ e)
φ(rij ) =
2πǫ0 ǫr



eκR
1 + κR

2

e−κrij
,
rij

(3)

where rij = |ri −rj | is the distance between colloid i and j.
R is the radius of a colloid, Z ∗ its eﬀective surface charge,
ǫr the dielectric constant of water, and κ the inverse Debye
screening length. We employ the same parameters as for
the high density simulations in [13], i.e., R = 1.2 μm, Z ∗ =
1000, ǫr = 78, and κ−1 = 0.25 μm = aV /20, where aV =
5.0 μm.
In order to quantify the amount of quasicrystalline order, we calculate the bond orientational order parameter



nj
N

1 

1
(4)
Ψ10 = 
e10iθjk  ,
 N j=1 nj

k=1

where θjk is the angle of the bond between particles j
and k with respect to some arbitrary reference direction
and the outer sum is over all N particles while the inner
sum is over the nj nearest neighbors of colloid j. The nearest neighbors are determined with a Voronoi construction.
The bond orientational order parameter Ψ10 is nonzero in
a quasicrystal with ten bond directions but zero in a disordered phase. A detailed analysis of the phase behavior
of a laser-induced colloidal quasicrystal on a decagonal
substrate using the bond orientational order parameter is
presented in [13].
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We perform Brownian dynamics simulations, i.e., we
solve the overdamped Langevin equation

d
rj = −∇
φ(|ri − rj |) − ∇V (rj ) + f (t),
dt
i

(5)

where rj denotes the position of the j-th colloid and γ
its friction coeﬃcient. The interaction potential is given
in eq. (3) and the external potential V (r) by eq. (1). The
thermal force f (t) is realized by random kicks with zero
mean, f (t) = 0, and two-point correlations given by the
ﬂuctuation-dissipation theorem
fi (t)fj (t′ ) = 2γkB T δij δ(t − t′ ).

102

(6)

The initial positions of the colloids are chosen randomly.
To study colloidal quasicrystals in sect. 4, we use periodic boundary conditions and the system size is always
chosen such that it best suites the quasicrystalline order
(cf. [13]).

3 Single colloids on a substrate with phasonic
drift
First, we consider the dynamics of a single colloidal particle in a potential where a constant phasonic drift is applied, i.e., the phasonic displacement is changed at a constant rate in time.
3.1 Mean square displacement of the colloidal particles
We calculate the mean squared displacement of the colloidal positions that is corrected by the mean drift motion,
i.e.
 2
2
r (t) = |r(t) − r(t)| ,
(7)

where the average is an ensemble average over 2000 particles with diﬀerent random starting positions. In ﬁg. 2 the
mean square displacement is shown for diﬀerent phasonic
drift velocities dwx /dt. Without phasonic drift (|dw/dt| =
0), the mean square displacement crosses over from the
initial diﬀusive or slightly superdiﬀusive motion within a
potential well to an extended intermediate subdiﬀusive
regime where the colloids jump between neighboring minima but have not yet explored the whole potential. In the
long-time limit, we expect a crossover into the asymptotic
diﬀusive regime. This behavior already has been studied
in [17]. For increasing phasonic drift velocity, the subdiffusive regime becomes shorter and the diﬀusion constant
at long times increases. For a large phasonic drift velocity
the asymptotic long-time behavior is similar to free diﬀusion of the particles without potential, which is shown in
ﬁg. 2 by the red curve.
In order to gain a deeper understanding of the behavior described above, we will shortly describe in the next
subsection how the random trap model developed in [17]
can be modiﬁed such that it qualitatively predicts the time
dependence of the mean square displacement.

dwx /dt

10
<r 2 >/aV2

γ

103

1
10−1
10−2

free diffusion
dwx /dt = 0.0
dw x /dt = 0.1 /(βγ a V)
dwx /dt = 1.0 /(βγ a V)
dw x /dt = 10.0 /(βγa V)

10−3
10−4
10−3

10 −2

10 −1
1
t/( βγ a 2V)

10

102

Fig. 2. Mean square displacement of colloidal particles in a
decagonal potential whose phasonic displacement in the xdirection is increased at diﬀerent rates in time dwx /dt. The
strength of the potential is V0 = 20kB T , time is plotted in
units of the diﬀusive time scale βγa2V , where β = (kB T )−1 is
the inverse temperature, γ is the friction coeﬃcient, and aV
denotes the length scale of the potential (cf. sect. 2). For comparison, the red curve shows the mean square displacement of
freely diﬀusing colloids without external potential.

3.2 Random trap model for non-equilibrium
The diﬀusive motion of a colloid in the quasicrystalline
potential can be described by a random trap model where
a minimum is seen as a trapping site for the particle [17].
The probability to leave a minimum and jump into a
neighboring one is given by a transition rate Γ (Vm ) that
can be determined by Kramer’s formula [27] and depends
on the depth Vm of the minimum. We introduce the probability distribution P (Vm , t)dVm for the probability that
the colloid at time t is in a minimum of depth Vm . In a
static quasicrystalline or random potential, i.e., without
phasonic drift a rate equation for P (Vm , t) can be derived.
The change of the probability for the colloid to occupy a
minimum of depth Vm is [17]
d
P (Vm , t) = −zΓ (Vm )P (Vm , t)
dt
V0

+zρ(Vm )
0

dVm′ Γ (Vm′ )P (Vm′ , t),

(8)

where z is the number of neighboring minima and ρ(Vm )
is the probability that a minimum of the potential has
the depth Vm . The ﬁrst term on the right-hand side denotes the probability to leave a minimum while the second
term corresponds to the averaged probability that a colloid
from any neighboring minimum jumps into the potential
well. The rate eq. (8) can be solved numerically, i.e., for a
given starting conﬁguration P (Vm , t = 0) the probability
P (Vm , t) can be determined at all times t. Furthermore,
d
the time-dependent diﬀusion constant D(t) = dt
r2 (t)/4
is [17]
zl2 V0
D(t) =
dVm Γ (Vm )P (Vm , t).
(9)
4 0
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P (Vm − dVm , t) + P (Vm + dVm , t) − 2P (Vm , t)
d2
∝
P (Vm , t).
dVm2

(10)

(a)

6
Dw=0

probability P(Vm /V0 )

In a quasicrystalline potential that is subjected to a
constant phasonic drift, the depth of a minimum is changing with time. Therefore, we modify the random trap
model accordingly. For simplicity, we assume that the
depth Vm decreases or increases as in a one-dimensional
random walk. Then, P (Vm , t) does also change if the
depth of a shallower minimum increases, the depth of a
deeper minimum decreases or the considered minimum itself changes its depth. Therefore, due to the phasonic drift,
d
P (Vm , t) that is
there is an additional contribution to dt
proportional to

5

Dw=0.01
Dw=0.03

4

Dw=0.1

3

Dw

1
0

0.4

0

+Dw

1.0

Dw=0.01
Dw=0.03

Dw

Dw=0.1

10

dVm′ Γ (Vm′ )P (Vm′ , t)
1

d2
P (Vm , t),
dVm2

(11)

where Dw denotes the rate, at which the minima change
their depth. Therefore, Dw is a parameter similar to the
phasonic drift velocity that controls the rate of changes of
the quasicrystalline substrate in the simulations.
We solved (11) numerically for the case where the
initial P (Vm , t = 0) is given by the probability that a
minimum of depth Vm occurs in the decagonal potential.
This corresponds to colloidal particles starting at random positions. At long times, P (Vm , t) enters a stationd
ary state, i.e., dt
P (Vm , t) = 0. In ﬁg. 3(a) this long-time
limit of P (Vm , t) is shown for diﬀerent values of Dw . For
Dw = 0, (11) leads to
P (Vm , t → ∞) =

0.6
0.7
0.8
0.9
depth of minimum Vm /V0

Dw=0

<r 2 >/aV2

V0

+zρ(Vm )

0.5

(b) 102

As a consequence, we obtain an extended rate equation
d
P (Vm , t) = −zΓ (Vm )P (Vm , t)
dt

Dw

2

ρ(Vm )
Γ (Vm )
V0
ρ(V ′ )
dVm′ Γ (Vm′ )
0
m

,

(12)

which can also be derived from a Boltzmann distribution
of the particles. For Dw > 0, the probability to occupy
shallower minima increases. This is due to a steady energy
inﬂux that drives the system out of equilibrium.
In ﬁg. 3(b) the mean square displacement is shown calculated by integrating the diﬀusion constant that is determined using (9). We ﬁnd a crossover from a sub diﬀusive to
a diﬀusive regime for all values of Dw . Note, there is no diffusive regime for short times as in the simulations (ﬁg. 2),
because the random trap model does not take into account the motion of a particle within a potential minimum.
However, the random trap model predicts the subdiﬀusive
regime for intermediate times and the diﬀusive regime at
long times. In particular, for increasing Dw the crossover
into the diﬀusive long-time regime occurs earlier. Furthermore, the eﬀective diﬀusion constant increases. Therefore,
the modiﬁed random trap model correctly describes the

10

102

103

104

t/(βγ a2V)

Fig. 3. Results of the random trap model calculations.
(a) Probability to ﬁnd a particle in a minimum of depth Vm /V0 .
(b) Mean square displacement depending on time. The parameter Dw describes the rate at which the depth of the minima
are changing. A large value of Dw corresponds to a large phasonic drift.

qualitative behavior of a colloidal particle in a quasicrystalline potential with a constant phasonic drift. Obviously,
the phasonic drift drives the colloids out of equilibrium
which leads to a diﬀusive regime that starts earlier and
possesses a larger eﬀective diﬀusion constant. Therefore,
colloids in a quasicrystalline potential can be used to study
non-equilibrium dynamics similar to driven particles in
tilted potentials (see, e.g. [28–31]).
Note that in (7) we considered the mean square displacement r2 (t) that is corrected by the mean colloidal
drift motion. As we will show in the next section, a phasonic drift also induces a net drift of the colloidal particles. This colloidal drift cannot be predicted by assuming
uncorrelated random changes of the depths of the potential wells. Therefore, while the qualitative behavior of the
mean square displacement can be correctly described by
the modiﬁed random trap model, the drift of the colloids
cannot.
3.3 Mean drift velocity and direction of the colloidal
particles
Figure 4(a) depicts the mean colloidal displacement in
the x-direction for a particle that was at the origin at
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Fig. 4. (a) Mean displacement x of the colloidal particles that were started at the origin as a function of the phasonic
displacement wx for diﬀerent phasonic drift velocities dwx /dt. (b) Direction of the colloidal drift measured by the angle αv
as a function of the phasonic drift direction given by αw for a small phasonic drift velocity |dw/dt| = 5 · 10−4 V0 /(γaV ). The
angles are deﬁned with respect to the y-direction as shown in the inset. The simulation results are close to αv = −3αw (blue
line). (c,d) Mean colloidal velocity for particles started at random positions plotted versus the phasonic drift velocities for a
phasonic drift in (c) x-direction and (d) y-direction. On the left branches of the curves the mean drift of the colloids is in the
direction of the phasonic drift, on the right branches it is in the opposite direction. The blue lines denote the zero-temperature
simulations
√ while the black lines are obtained at a ﬁnite temperature kB T = V0 /20. The red lines show |v| = |dw/dt|/τ , with
τ = (1 + 5)/2 for comparison.

time t = 0 as a function of the phasonic displacement
wx . Such a particle follows a trajectory that is typical for
the colloids shown in red in ﬁg. 1(a). We observe a net
drift motion in the x-direction of the colloidal particles
for small dwx /dt. Interestingly for increasing dwx /dt the
drift becomes smaller and even changes its direction for
large dwx /dt.
In ﬁg. 4(c) and (d) the absolute value of the mean
colloidal drift velocities in x- and y-direction are shown
as a function of the phasonic drift velocities dwx /dt and
dwy /dt, respectively. The colloids are started at random
initial positions and the results are averaged over 2000
runs. Note that for a small phasonic drift the colloidal particles on average move in +x-direction for a phasonic drift
in x-direction and in +y-direction for a phasonic drift in ydirection. However, for a large phasonic drift the net drift
is in the opposite direction. The details of this behavior

can best be analyzed in the zero-temperature limit. We
observe that for |dw/dt| < V0 /(2γaV ) almost all particles follow the position of the minima as described in [6].
This corresponds to the limit of small friction γ or large
potential strength V0 . For |dw/dt| ≈ V0 /(2γaV ) some of
the colloids can no longer follow the modulation of the potential. Speciﬁcally, particles in shallow minima no longer
contribute to the net motion while colloids in deep wells
still possess the same trajectory as in the case of small
phasonic drift. For a phasonic drift in the x-direction, the
particles depicted red in ﬁg. 1(a) usually occupy deeper
minima than the colloids shown in green. Since the red
particles move on straight paths and the green colloids
along zigzag trajectories in the opposite direction [6], the
mean drift in +x-direction increases slightly more than
linear if the green particles cease to follow their zigzag
paths. As we observe in our simulations, the motion of
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the red particles approximately approaches √
a mean drift
velocity vx ≈ (dwx /dt)/τ , where τ = (1 + 5)/2 is the
number of the golden mean. Similarly, for a phasonic
drift in y-direction with dwy /dt < V0 /(2γaV ), all particles follow the trajectories of the minima and the mean
drift is smaller than (dwy /dt)/τ . However, for dwy /dt >
V0 /(2γaV ), the net colloidal drift is (dwy /dt)/τ . The increase is due to the fact that the particles depicted brown
in ﬁg. 1(b) no longer follow the motion of the minimum
while the magenta colloids still obey the trajectories of
the potential wells.
If the phasonic drift velocity is increased even further,
we ﬁnd that as soon as almost all particles cannot follow
the motion of the minima, the direction of the net colloidal drift is reversed. Interestingly, in case of non-zero
temperature the reversal of the drift direction occurs at
larger phasonic drift velocities than for T = 0.
Figure 4(b) shows the direction of the mean colloidal
drift depending on the direction of the phasonic drift. The
direction of the colloidal and phasonic drift are given by
the angles αv and αw , respectively, that are measured with
respect to the y-direction. We ﬁnd that the directions
are close to αv = −3αw (blue line in ﬁg. 4(b)). We observe that there are deviations because the colloidal drift
for a phasonic drift along the symmetry axes, i.e. along
(cos[jπ/5], sin[jπ/5]) with j = 1 . . . 10, is smaller than the
mean drift of particles for a phasonic drift along other
directions.

4 Light-induced colloidal quasicrystals
subjected to phasonic distortions
So far we have studied the behavior of non-interacting
colloidal particles which corresponds to an ensemble of
single colloids. In the following we study the dynamics
within a light-induced colloidal quasicrystal for colloids
that interact according to the pair potential of eq. (3).

4.1 Relaxation after an instantaneous phasonic
displacement
We ﬁrst consider the case where the substrate of a laserinduced colloidal quasicrystal undergoes an instantaneous
phasonic displacement Δwx . Right after the potential is
changed, the quasicrystalline order of the colloids is no
longer stabilized by the substrate. To quantitatively study
this behavior, we calculate the bond orientational order
parameter Ψ10 given in eq. (4). Figure 5 shows that Ψ10
decreases until a time of about 0.01βγa2V . However, after this time, the colloidal particles reorganize to the new
substrate and the quasicrystalline order is reconstituted.
Interestingly, for Δwx ≤ 0.3aV the minimal value of
Ψ10 decreases for increasing Δwx as shown by the blueish
curves in ﬁg. 5. However, for Δwx ≥ 0.4aV the quasicrystalline order is less aﬀected if Δwx is further increased
(yellow, orange, and red curve). Due to a phasonic displacement some minima that were occupied by colloids

Eur. Phys. J. E (2013) 36: 25

Fig. 5. Bond orientational order parameter Ψ10 as a function of
time t/(βγa2V ) after the substrate was changed by the phasonic
displacement ∆wx . The strength of the potential is βV0 = 10
and the density is chosen such, that in a triangular lattice with
the same density the distance between particles is aS = 0.67aV ,
meaning that the system is in the quasicrystalline phase [13].
For ∆wx ≤ 0.3aV (curves with bluish colors) the minimal value
of Ψ10 decreases for increasing ∆wx . For ∆wx ≥ 0.4aV (yellow,
orange, and red curve) the minimal value of Ψ10 increases if
∆wx is further increased. The curves are averaged over 100
relaxation processes of systems with 530 colloids.

before the phasonic displacement disappear and the corresponding colloidal particle has to relax into a new potential well. As we have shown in [6] for a phasonic displacement of about 0.4aV all colloids have to slide into
new minima. However, for even larger phasonic displacements it is more likely that a potential well in the new
substrate is very close to the position of the old minimum and thus the quasicrystalline order is restored faster.
Therefore, the quasicrystalline order of the colloids is most
aﬀected by a phasonic displacement of about 0.4aV . This
result might be also important for adatoms on the surface of quasicrystals (for a review about such systems see,
e.g., [32]). Phasonic modes in a quasicrystal are excited by
thermal energy, and therefore the amplitude of phasonic
ﬂuctuations depends on temperature. Our results suggest
that quasicrystalline order of adatoms is suppressed when
thermally induced phasonic ﬂuctuations occur with a speciﬁc amplitude at a well-deﬁned temperature. However, an
increase or decrease of temperature might help to recover
quasicrystalline symmetry in a monolayer of adatoms.
4.2 Phasonic drift-induced melting
If a laser-induced colloidal quasicrystal is subjected to a
phasonic drift, the quasicrystalline order is distorted and
disappears if the colloids cannot follow the changes of the
substrate. In ﬁg. 6 the pair distribution function g(x, y) for
diﬀerent constant phasonic drifts is displayed. For increasing phasonic drift velocity the peaks of g(x, y) broaden
along the directions where colloids slide according to [6].
If the phasonic drift velocity is further increased, the quasicrystalline structure is lost. In case of a phasonic drift in
the x-direction (left column in ﬁg. 6), g(x, y) is anisotropic.
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For large phasonic drift velocities in the x-direction the
substrate eﬀectively corresponds to a potential V wx that
is averaged over wx . As shown in [15] V wx = V x , i.e.
the eﬀective potential no longer depends on x but only
on y. Therefore, for large phasonic drift velocities in xdirection the substrate eﬀectively corresponds to a stripe
pattern oriented in the x-direction and as a consequence
g(x, y) consists of such stripes (cf. ﬁg. 6(g)) whereas the
quasicrystalline order along the y-direction is not aﬀected.
For phasonic drifts in the y-direction (right column in
ﬁg. 6) no stripe pattern in g(x, y) can be observed at any
phasonic drift velocity. For very large phasonic drift velocities, the colloidal particles are disordered as can be seen
by the liquid-like g(x, y) in ﬁg. 6(h). Therefore, there is
a diﬀerence between a phasonic drift in the x-direction
and the one in the y-direction. Here the x-direction corresponds to a symmetry direction, which is preserved by
the phasonic drift. In general, a phasonic drift along any
of the main symmetry axes with αw = jπ/5 − π/2 for
an integer j, leads to a stripe-modulated ﬂuid phase. In
contrast a phasonic drift in other directions destroys the
quasicrystalline structure completely.

5 Conclusions

Fig. 6. Pair distribution function g(x, y) for colloidal quasicrystals on substrates subjected to phasonic drifts in the
x-direction (left column) or y-direction (right column). The
strength of the potential is βV0 = 20 and the density is chosen such that in a triangular lattice with the same density
the distance between particles is aS = 0.69aV . Therefore, the
system without phasonic drift is deep in the quasicrystalline
phase [13]. To ensure that the system is in the steady state,
we ﬁrst let the colloids adjust to the phasonic drift over a time
of 100βγa2V . Afterwards, each pair distribution function is averaged over 5000 conﬁgurations determined during a time of
5βγa2V . The system contains 563 particles.

We studied the behavior of colloidal particles on substrates with quasicrystalline symmetry when a phasonic
displacement or drift is applied.
The mean square displacement of non-interacting colloids on a substrate with phasonic drift qualitatively is
similar to the one of particles in a random potential where
the depth of the minima changes randomly in time. However, there is also a mean drift motion of the colloids
that cannot be explained by random potentials. The direction and velocity of the induced colloidal drift depends on
the phasonic drift velocity compared to the velocity scale
V0 /(γaV ) given by the friction γ, the potential strength
V0 and length scale aV . For small phasonic drift velocities,
small friction, or large potential strength, the colloids are
able to follow the motion of the potential wells. However,
if the phasonic drift is increased, the particles no longer
remain trapped in the minima of the potential. There even
is a reversal of the direction of the net colloidal drift.
A phasonic drift also changes the quasicrystalline order
of a laser-induced colloidal quasicrystal. If the phasonic
drift is along a symmetry direction of the quasicrystalline
substrate, the quasicrystalline order is destroyed in one
direction while it survives in the perpendicular direction.
Other phasonic drifts aﬀect all directions of the quasicrystal, i.e., the colloidal quasicrystal is transformed into an
isotropic disordered state.
The relaxation process after an instantaneous phasonic
displacement depends on the amplitude of the phasonic
displacement. A phasonic displacement of about 0.4aV has
the most severe consequences for the colloidal quasicrystal
while for a smaller or larger phasonic displacement the
quasicrystalline order of the particles is less aﬀected.
Our results are important to achieve a deeper insight
into the fundamental properties of phasonic displacements
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and drifts in quasicrystals. For future work it would be
interesting to compare the induced phasonic drifts and
ﬂuctuations to thermally excited phasons in intrinsic quasicrystals (as for example in [33]). The colloidal system
can be seen as a model system to understand the dynamics of adatoms on quasicrystalline surfaces. However, controlling colloidal motion in external ﬁelds with quasicrystalline symmetry also is important for applications with
colloidal systems, like for example the growth of photonic
(quasi-)crystals. Furthermore, phasonic drifts or ﬂuctuations might also become important in other systems with
decagonal symmetry, e.g., for cold atoms or even BoseEinstein condensates that are studied with optical traps
with quasicrystalline symmetry [34, 35].
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