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Abstract – We derive an analytic expression for the mechanical pressure of a generic onedimensional model of conﬁned active Brownian particles (ABPs) that is valid for all values of
Péclet number Pe and all conﬁning scenarios. Our model reproduces the known scaling of bulk
pressure with Pe2 while in strong conﬁnement pressure scales with Pe. Our analytic results are
very well reproduced by simulations of ABPs in 2D. We use the pressure formula to calculate both
the work performed by an active engine and its eﬃciency. In particular, eﬃciency is maximized
for work cycles with ﬁnite period and not in the limit of inﬁnitely slow cycles as in thermodynamic
engines.
c 2021 EPLA
Copyright 

Introduction. – The properties and structure formation of active systems are quite diﬀerent as compared
to their equilibrium counterparts [1–7]. This becomes
particularly apparent in conﬁnement [8–17]. Indeed, active particles accumulate at walls [18], interfaces [19,20],
as well as obstacles [21,22], and in denser suspensions
they show motility-induced phase separation [23]. One
of the key macroscopic quantities of interest is the
mechanical pressure Π that active particles exert on conﬁning walls [10,24–26]. Such a quantity is crucial for
determining the performance of devices rectifying active motion [27–29], for work cycles that exploit active
baths [30], for invasion of active particles into conﬁning
space [31], as well as evaporation [32] and wetting [33,34]
in active ﬂuids.
Predicting the value of Π for active systems is not trivial
since, due to the active nature of the particles, pressure is,
in general, no longer a thermodynamic state function [35].
It is not even an intensive variable since it depends explicitly on extensive variables (like number of particles), as
we show below. Several articles [10,24,25] have reported
independently the characteristic scaling for the pressure,
Π ∝ Pe2 , where the Péclet number Pe = vact R/D depends on the active velocity vact , the linear size R, and
(a) E-mail:

p.malgaretti@fz-juelich.de (corresponding author)

the diﬀusion coeﬃcient D of the particle. This relation for
pressure has been derived for semi-inﬁnite systems. However, the dynamics of active Brownian particles (ABPs) is
very sensitive to the presence of boundaries [8–16] and it
is not obvious that the scaling for the pressure also holds
for conﬁned ABPs. Indeed, recent numerical works [9,10]
have shown that the pressure of strongly conﬁned active
particles scales as Π ∝ Pe. Therefore, the scaling of Π
with Pe depends on the system size. At the moment,
a comprehensive relation, valid for all conﬁning scenarios, between the pressure and the microscopic parameters
(such as active velocity and tumbling rate), which control
the dynamics of ABPs, is still lacking.
In this letter we derive a closed-form expression for the
pressure exerted by conﬁned ABPs that is valid for all values of Pe and all conﬁning scenarios. In order to do so,
we consider simple ABPs that only move in one dimension
either along the x-axis (“up” state) or against it (“down”
state) and that tumble between both states. Furthermore,
the ABPs experience a conﬁning soft potential such that,
in the limit of diverging potential strength, our model retrieves the case of ABPs conﬁned in a box with hard walls.
In this standard case, the calculated mechanical pressure
displays multiple scalings with Pe. In particular, when
particles undergo multiple tumbling events between subsequent collisions with the walls (diﬀusive regime), pressure
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scales as Π ∝ Pe2 in agreement with refs. [10,24,35]. In
contrast, for strongly conﬁned active colloids or for very
large values of Pe (as the one attained for dry macroscopic active matter [36–41]) particles only undergo a few
(if at all) tumbling events (ballistic regime) and the pressure scales as Π ∝ Pe. Our analytic predictions for the
pressure are in very good agreement with results from numerical simulations of ABPs in two dimensions, with the
numerical results of refs. [9,10] and with the expansion approach of ref. [34] which exclusively treats the case where
pressure scales as Π ∼ Pe2 . Thus, despite its simplicity
our model captures the essence of the dynamics of conﬁned ABPs for all values of Pe. Hence, it can be used
to predict the mechanical pressure of ABPs on both the
microscopic (∼ μm) and macroscopic (∼ cm, m) scale in
all conﬁning scenarios.
We apply the analytical formula for the mechanical pressure to the recently introduced work cycle of active engines [30,42–44]; devices that exploit the capability of a
bath of ABPs to perform directed work (see also a recent
review on the topic ref. [45]). We ﬁnd that the work is
governed by two dimensionless parameters and that the
eﬃciency of quasistatic work cycles is optimal for a ﬁnite
period in contrast to thermodynamic engines.

the particle Péclet number Pe and dimensionless tumbling rate Γ deﬁned as tumbling rate γ times the diffusion time scale R2 /D. For later use, we note that
2
γ −1 /D is the ratio of active to passive difPe2 /Γ = vact
fusion coeﬃcients. We note the ratio Pe /Γ = vact /(γR)
can be identiﬁed with the dimensionless rotational Péclet
number Per .
By solving eqs. (2) in the steady state using piecewise solutions in the three regions of β U (x) (see
sect. S1 of the Supplementary Material Supplementary
material.pdf (SM)), we compute the dimensionless mechanical pressure exerted on the right wall (the same results hold for the left wall),
 ∞
[ρ↑ (x) + ρ↓ (x)] f dx.
(5)
Π=
1

Pressure. – In order to study the case of ABPs conﬁned within a box, we take the limit of the hard-core potential (f → ∞, see sect. S1 of the SM). In this limit, Π
becomes
Π∞ = ρ̄

κ3c cosh κc
R2
.
L2 Pe2 sinh κc + 2Γκc cosh κc

(6)

Here, ρ̄ = N R/2L is the dimensionless number density
ABPs experience the and

Pe2 +2Γ
L,
(7)
κc = κL =
R
z > L,
where κ is the inverse of the eﬀective length that charac−L  z  L,
(1)
terizes the exponential decay of the density proﬁle close
z < −L,
to the wall1 . We remark that κ depends solely on microwhere L is the size of the system (not including the soft scopic parameters and not on the system size. In particuwalls), f controls the softness of the walls, β = 1/(kB T ), lar, when κc ≫ 1, eq. (6) is approximated by
kB is the Boltzmann constant, and T is the temperature.
κ3
R2
Within the overdamped regime, the time evolution of the
.
(8)
Π∞ ≃ ρ̄ 2 2 c
L Pe +2Γκc
reduced densities for up and down states, “up” (ρ↑ ) and
“down” (ρ↓ ) states, which we express as functions of the The regime κc ≫ 1 is typical for active matter as it occurs
dimensionless position x = z/L and with time in units of whenever either Pe ≫ R/L or Γ ≫ R2 /L2 (see footnote 2 ).
L2 /D, are governed by
The latter means that during passive diﬀusion across the
system, tumbling occurs frequently. Therefore, in the fol2
L
(2a) lowing we focus on the relevant case of κc ≫ 1. In sect. S2
ρ̇↑ (x) = −∂x J↑ − Γ 2 [ρ↑ (x) − ρ↓ (x)] ,
R
of the SM we present the mathematical derivation of all
L2
ρ̇↓ (x) = −∂x J↓ + Γ 2 [ρ↑ (x) − ρ↓ (x)] .
(2b) limiting regimes discussed in this letter and argue that the
R
results are valid even for moderately large values of κc .
Figures 1(a) and (b) show that Π∞ grows monotonically
(For simplicity we do not denote explicitly the dependence
upon increasing Pe, as expected.
on time.) In eqs. (2) we have identiﬁed the ﬂuxes as
√ In the limit of small
Péclet numbers, Pe ≪ Pesmall = 2Γ, eq. (8) gives


L
J↑ (x) = − ∂x ρ↑ (x) − Pe ρ↑ (x) + ρ↑ (x)β ∂x U (x) ,
Pe2
R
Πsmall
≃ ρ̄ 1 +
(9)
, Pe ≪ Pesmall .
∞
2Γ
(3a)


L
Thus, for vanishingly small Pe, Π∞ reduces to its equiJ↓ (x) = − ∂x ρ↓ (x) + Pe ρ↓ (x) + ρ↓ (x)β ∂x U (x) ,
librium value Π0∞ = ρ̄. We note that the expression in
R
1 The exponential decay and the associated decay length (eq. (7))
(3b)
Model. – The N noninteracting
conﬁning potential
⎧
⎨ f (z/L − 1) ,
β U (z) = 0,
⎩
−f (z/L + 1) ,

and we have introduced
Pe = vact R/D,

Γ = γR2 /D,

(4)

are valid for all values of Pe and L. In particular, for small values
of Pe eq. (7) reduces to κ ≃ Γ, in agreement with ref. [18].
2 We remark that if L/R > 10, κ ≫ 1 provided that Pe  0.1 or
c
Γ  0.01.
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Fig. 1: (a) Pressure Π∞ as a function of Pe for diverse values
of Γ and L = 10R. (b) Π∞ as a function of Pe for Γ = 3/4
and diverse values of L/R. The dots present the results of 2D
numerical simulations of ABPs characterized by the same value
of Pe, the linear size L and Γ, and with no ﬁtting parameters
(see sect. S6 of the SM).

the brackets agrees with the eﬀective temperature Teff =
T (1 + Pe2 /2Γ) introduced, for example, in refs. [46,47]
(see also sect. S3 of the SM). We remark that Π0∞ does
not depend explicitly on the system size L or the particle number N , as required for an intensive thermodynamic
quantity. For Pe ≃ Pesmall , activity starts to dominate the
pressure. Using eqs. (4), the condition Pe ≃ Pesmall im2
plies Dact = vact
/γ ≃ D. Thus, the pressure starts to grow
with Pe2 when the active contribution to the total diﬀusion coeﬃcient Deff = D +Dact becomes dominant [46,47].
For large Péclet numbers (Pe ≫ Pesmall ) we obtain from
eq. (8):
Pe2
,
2Γ
L
≃ ρ̄ Pe,
R

Πlarge
≃ ρ̄
∞

for Pelarge ≫ Pe ≫ Pesmall ,

(10a)

Πlarge
∞

for Pe ≫ Pelarge , Pesmall ,

(10b)

where Pelarge = 2ΓL/R. When Pe ≫ Pelarge , pressure
Π∞ attains its asymptotic form (10b), Π∞ ≃ N Pe /2,
growing linearly in Pe. In this regime the pressure is no
longer an intensive variable since it depends explicitly on
the particle number N .
The crossover between the diﬀerent scalings of Π∞ with
Pe occurs at Pe = Pelarge = 2ΓL/R, i.e., when the ballistic time L/vact is comparable to the mean run time 1/γ
between two tumbling events. Thus, in the asymptotic

regime where L/vact ≪ 1/γ, particles only undergo a few
(if at all) tumbling events between subsequent collisions
with the walls (ballistic regime). As a result, they spend
the large amount of time at the boundaries. Therefore, the
pressure increases linearly with Pe and depends explicitly
only on the particle number and not on the system size.
In the opposite case L/vact ≫ 1/γ (i.e., Pe ≪ Pelarge ),
the particles undergo multiple tumbling events between
subsequent collisions with the walls (diﬀusive regime). In
this regime, increasing Pe has a twofold eﬀect: ﬁrst, it directly enhances pressure when the particles hit the wall,
and second, it reduces the number of tumbling events between two subsequent collisions at the walls and thereby
enhances the density of the particles at the wall. This
twofold eﬀect explains the quadratic dependence of Π∞
on Pe in eq. (10a), as shown in both panels of ﬁg. 1.
Accordingly, ﬁg. 1(a) shows that the scaling of the pressure with Pe changes dramatically upon changing the tumbling rate Γ. At the micrometric scale, this result is crucial
for conﬁned bacterial suspensions [48,49], whose tumbling
rate depends on both the biology of the bacteria as well
as on external control parameters3 . At the macroscopic
scale our result is crucial for determining the pressure of
dry active matter, such as small robots [37], ants [38,39],
sheep [40], and humans [36,41], just to mention a few
among others.
For active colloids, such as Janus particles, Γ is controlled by the rotational diﬀusion coeﬃcient Drot , which
depends on their size and shape. For spherical particles
Drot = 43 RD2 , which in 2D equals γ so that Γ = 3/4. For
this case, ﬁg. 1(b) presents Π∞ vs. Pe for diverse system sizes. Interestingly, for typical values of the Péclet
number (Pe ≃ 1–100) and system sizes (L  100R)
that have been investigated experimentally [50] or numerically [51], our model predicts Π∞ ∝ Pe2 , in agreement
with refs. [10,24,25,35,51,52]. However, for smaller system
sizes L ≃ 10R or for very large values of the Péclet number, Pe ≫ Pelarge , the asymptotic behavior Π∞ ∝ Pe is
retrieved.
In order to check the validity of our expression against
more realistic models, we performed 2D simulations of
spherical ABPs characterized by Γ = 3/4, where the particle orientations diﬀused on the unit circle (see sect. S6 of
the SM for more details on the simulations). The results
are included in ﬁg. 1(b). Interestingly, without using any
ﬁtting parameters, the agreement between the theoretical
predictions and the results of the numerical simulations
is very good for all values of Pe and L that we tested.
Hence, our simple two-state model captures the essence of
the dynamics of conﬁned ABPs [53].
Compressibility. – Having an explicit expression for
the pressure (cf. eq. (6)), we can calculate explicitly the dimensionless compressibility H∞ = −(∂Π∞ /∂L)−1 /L (see
3 Typically, Γ  100 [48]. Even upon genetically switching oﬀ
tumbling, the lower bound is Γ ≃ 1 due to rotational diﬀusion. In
addition, in chemical gradients Γ can vary by a factor of ﬁve [49].
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Fig. 2: (a) Compressibility H∞ as a function of Pe for diverse
values of Γ and for L/R = 10. (b) H∞ as a function of Pe for
diverse values of L/R and for Γ = 3/4.

Π∞ (L, Pe1 ) 2dL
.
N
R

(12)

L1

L1

101 102
Pe

L2

Figure 3(b) shows that for small system sizes the work
performed by the system grows linearly with L1 (for ﬁxed
ratio L2 /L1 ). In this regime the work is insensitive to Γ
(blue and cyan curves as well as red and orange curves lie
on top of each other in ﬁg. 3(b)), while the overall amount
of work depends on Pe. Upon increasing L1 further, the
work W reaches a plateau. Here, W increases upon decreasing Γ for both values of Pe, since tumbling reduces
the pressure of the expanding system. The dependence
of W on Γ shows that the work performed by the active
system explicitly depends on the tumbling rate, i.e., on
some microscopic time scale. Such a dependence does not
occur in passive systems and therefore is a signature of
the active nature of the system under study. In contrast,
the dependence of W on Pe is clear since the active motion of the ABPs generates the force with which they push
against the wall.
All these observations can be rationalized by considering
the limit κc ≫ 1 in eq. (12) which gives

 

L2
1 + L2 /Λ
.
(13)
W ≃ W0 ln
− ln
1 + L1 /Λ
L1

sect. S5 of the SM). For the relevant case of κc ≫ 1, it Here, we have identiﬁed the eﬀective length Λ and strength
W0 of the work cycle,
reduces to
H∞ ≃

1
Π∞

1+

Pe2
.
2Γκc

(11)

Figure 2(a) shows H∞ plotted vs. Pe for L = 10R and diverse values of Γ. Similar to the behavior
of pressure, upon
√
increasing Pe beyond Pesmall = 2Γ, the compressibility starts to decrease as Pe−2 due to the prefactor 1/Π∞
(cf. eq. (9)) and then, beyond Pe ≃ Pelarge = 2ΓL/R,
it reaches the normalized plateau value (N ΓL/R)−1 , i.e.,
the compressibility depends on extensive variables such as
N and L. This is in contrast to equilibrium systems, for
which compressibility is an intensive variable whose corrections due to ﬁnite size become negligibly small upon
increasing system size. In particular, larger values of Γ
delay the onset of the decrease of H∞ and they also lower
the plateau value since more tumbling releases pressure
generated by the active particles. Figure 2(b) shows the
relevant case of active colloids and that not only pressure
Π∞ but also H∞ retains a dependence on the system size.

Λ=

Pe2 R

,
2Γ Pe2 +2Γ

W0 = 1 +

Pe2
.
2Γ

(14)

After rescaling work by W0 and system size by Λ, for
W0 ≫ 1 all curves from ﬁg. 3(b) collapse onto one master curve, as demonstrated
in ﬁg. 3(c). In the regime
√
Pe ≫ Pesmall = 2Γ the parameters become
Λ≃

vact
,
γ

W0 ≃

Dact
v2
=
,
Dγ
D

(15)

i.e., the threshold length Λ is the typical distance traveled
by the particle between two tumbling events, whereas the
work strength W0 is proportional to the ratio of active
to passive diﬀusion coeﬃcients. In particular, for large
systems sizes, L1 , L2 ≫ Λ, we have
W ≈ (W0 − 1) ln(L2 /L1 ) ≃ W0 ln(L2 /L1 ).

(16)

Thus, the work per particle over one cycle solely depends
Active engine. – We can exploit the exact expression on W0 and its dependence on system size is reminiscent of
for the pressure to calculate the work performed by the the work done by a passive ideal gas.
system during the periodic work cycle shown in ﬁg. 3(a).
Efficiency. – Finally, we deﬁne the eﬃciency of the
Work is performed by the system only when there is a work cycle as the ratio of the total work performed by the
change in the system size 2L. Assuming that these changes system composed of N particles,
are suﬃciently slow so that the mechanical pressure can
(17)
adjust instantaneously, the total dimensionless work per
W tot = N W,
20002-p4
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Fig. 3: (a) Scheme of the work cycle of the active engine in the Pe-L plane. (b) Work W performed by one cycle of the active
engine as a function of L1 with L2 = 2L1 and Pe1 = 0 for diverse values of Pe2 = Pe and Γ. (c) Rescaled data of panel (b).

particular, it does not depend on N . Assuming instantaneous
changes of Pe, the velocity is 2(L2 −L1 )/τ = 2∆L/τ
(18) and W sys = 4W∆L2 /τ [57,58], where W plays the role of
η = W tot (W tot + Wirr ),
irr
where Wirr accounts for the energy spent in dissipative an eﬀective friction coeﬃcient. All in all we obtain
processes. In the following we assume that the change
pcl
sys
Wirr = Wirr
+ Wirr
= N Pτ + 4W∆L2 /τ,
(23)
in the value of Péclet number occurs with no additional
dissipation, as it happens for example for light-controlled
where P and W are phenomenological parameters enactive colloids whose activity can be tuned by shading the
coding, respectively, for the power dissipated by the aclight [54,55]. Accordingly, Wirr is the sum of two contributive particles5 , which depends on the speciﬁc propulsion
tions. First, we express the power dissipated by the partimechanism, and for the eﬀective friction of the container.
pcl
cles due to their active motion as Wirr
= N Pτ , where P
Maximizing the eﬃciency with respect to τ amounts to
4
is the mean power dissipated by a single particle during
minimizing Wirr which gives an optimal time of the cycle
one work cycle of period τ . We remark that for inﬁnitely
pcl
→ ∞ and hence η → 0.
slow processes τ → ∞, Wirr
τopt = (4W∆L2 /N P)1/2 .
(24)
Therefore, active engines should be run at ﬁnite-time compression and expansion, a regime in which the additional Accordingly, even for quasi-static expansions, the eﬃdissipation due to friction forces acting when the container ciency η is maximized for a ﬁnite cycle time τ in stark consys
, should be accounted for [56]. trast to the quasi-static limit τ → ∞ of thermodynamic
expands or compresses, Wirr
Very generally, the power dissipated by friction forces can engines for which W pcl is replaced by the heat Q that is
irr
be expressed as
independent of τ . This is in agreement with the numerical
Ẇ = F · v,
(19) results of ref. [30]. Interestingly, τ
depends on the ratio
to the total energy injected into the system,

opt

between the dissipation in the system, 4W∆L2 and that
due to the active bath N P. Hence, active engines exploiting many particles should be run at short cycling times,
whereas the opposite holds for smaller particle numbers.
Ẇ = Wv 2 .
(20)
In the above calculations we have assumed that the particle
density follows adiabatically the change in volume
In the case under study, we estimate the velocity via the
∆L.
We
recall that the relaxation time of the system can
change in the volume v ≃ 2∆L/τ during the cycling time
be
estimated
as
τ . Accordingly, the dissipated power is

where F is the applied force and v is the velocity. Within
linear response theory [57] we have F = W v, where W is
the friction coeﬃcient. Thus, the dissipated power reads

Ẇ = 4W

∆L2
,
τ2

and hence the dissipated work during the cycle reads
sys
= Ẇ τ = 4W
Wirr

∆L2
.
τ

τrelax ≃ min

(21)

(22)

sys
We remark that, at leading order, Wirr
does not depend
on the parameters characterizing the active particles, in
4 Note that P is an average over free particles and particles
trapped at the wall.

∆L2 ∆L
,
D vact

.

(25)

5 For bacteria, P amounts to the metabolic cost of keeping
the bacteria alive and swimming. For diﬀusiophoretic colloids, P
amounts to the power dissipated in order to keep the imbalance in
the bulk chemical potentials of the reactants and the reaction products. For light-driven phoretic colloids, P amounts to the power
dissipated (per particle) by the light source. For ABPs, under the
assumption that all the energy “consumed” by the internal mechanism responsible for active displacement is transformed into motion,
T 2
we have PABP = F · v0 = kB
v0 , where F is the eﬀective driving
D
force.
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Hence, the adiabatic assumption we made in deriving
eq. (12) is fulﬁlled when τrelax ≪ τopt . For τrelax =
∆L/vact that leads to
N≪

2
4Wvact
.
P

(26)

Interestingly, eq. (26) shows that the maximum eﬃciency
can be attained by small systems, whereas larger systems
containing a larger number of particles N , will be suboptimal.
Conclusions. – Based on a one-dimensional model
for run-and-tumble particles, we have derived an analytic expression for the mechanical pressure ABPs exert
on bounding walls. In the limit of large systems we reproduce the well-known scaling of the bulk pressure with
Pe2 . In contrast, for either strongly conﬁned micrometric ABPs or macroscopic ABPs with very large Pe, the
pressure scales with Pe and is no longer an intensive variable. We clearly rationalize the regimes where the diﬀerent scalings are observed. Furthermore, two-dimensional
Brownian dynamics simulations of ABPs quantitatively
agree with our analytic expression and thereby show its
generality.
Our analytic formula for pressure allows to systematically explore basic features of conﬁned active systems
between bulk- and surface-driven behavior. For the recently introduced active engines we have calculated the
work performed during one cycle in the quasi-static limit.
It explicitly depends on the characteristic time scale Γ−1 ,
a feature that is absent in conventional thermodynamic
engines. Furthermore, the eﬃciency is maximized at a
ﬁnite cycle rate due to the inherent dissipation, in clear
contrast to thermodynamic engines where inﬁnitely small
rates avoid dissipation. Surprisingly, such an optimal cycling time is typical of “small engines”, i.e., those engines
exploiting a small number of active particles.
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