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Abstract – We study the beating kinematics and pumping performance of a magnetically actuated
artiﬁcial cilium attached to a surface using a bead spring model. Several diﬀerent beating patterns
for the external ﬁeld are considered along with the possiblity of defects in the ﬁlament at isolated
points. Hydrodynamic interactions between the beads are included by a modiﬁed Rotne-Prage
tensor such that the no-slip boundary condition at the surface is satisﬁed. We ﬁnd that the
correct positioning of defects along the ﬁlament length can lead to signiﬁcant increases in the
pumping performance of a planar beating pattern. Even more eﬃcient for pumping ﬂuid are
three-dimensional beating strokes which bring the ﬁlament close to the surface during the return
part of the stroke.
c EPLA, 2009
Copyright 

Introduction. – There has been sustained interest
in the problem of motion at the lengthscale of biological
micro-organisms for several decades. Initial interest
focused on the basic physical problem: what strategies
can be employed to produce motion at scales where
viscosity dominates [1]? More recently the focus has
shifted because of an increasing ability to examine and
manipulate systems on smaller scales. Many relevant questions are now based around applications. For example, if
we want to push a ﬂuid through a microﬂuidic device or
self-propel a particle through a solution, how should we
go about this? Should we transplant a biological system
to a new environment [2]; create a device in the spirit of
a natural system [3–5]; or do something else entirely [6]?
One strategy used by many organisms is to beat a
densely packed layer of hairs attached to their outer
surface [7]. These hairs, usually termed cilia, have an
internal structure consisting of stiﬀ ﬁlaments connected
to one another by proteins with a range of functions,
including force generation. These forces cause the ﬁlaments to slide over one another, generating bends in
the cilia that couple to the surrounding ﬂuid. This is an
active process with its roots in chemical and mechanical
transformations occurring at the protein level.
In this paper we study the beating kinematics of a
surface-attached, magnetically actuated elastic ﬁlament.
As such we follow on from previous experimental work on
a single-armed, biomimetic, swimmer by Dreyfus et al. [3]
(a) E-mail:

Holger.Stark@tu-berlin.de

that has been studied theoretically [8,9] and numerically [10]. It is also similar to the work by Kim and Netz
on elastic ﬁlaments attached to a surface and actuated at
their base [11]. Here, the ﬁlaments in question are longer
(10–200 µm) and we neglect thermal ﬂuctuations. Other
examples of the use of elastic ﬁlaments to propel ﬂuid can
be found in the recent work on rotating elastic ﬁlaments
by Manghi et al. [12] and the subsequent experimental
studies of the same system [13,14].
In the following, we demonstrate two methods that
increase the ﬂow rate in this system: 1) by placing defects
at speciﬁc points in the chain and using a planar beating
stroke, 2) by using three-dimensional beating patterns
that bring the ﬁlament close to the surface. A previous
publication by the current authors has presented initial
simulations of the model that we employ with an emphasis
on the implementation of hydrodynamic interactions [15].
To conclude this introduction, we note that, whereas the
biological system relies on the chemical energy derived
from ATP hydrolysis and usually consists of densely
packed ﬁlaments, the system under study uses a magnetic
ﬁeld to generate a torque along the length of the ﬁlament
and we consider only the low-density limit of a single
ﬁlament attached to a surface. The diﬀerences in the
swimming motion of elastic swimmers, magnetoelastic
swimmers and eukaryotic cells has been the subject of a
recent publication [9].
Model. – The model that we employ for the hydrodynamic interactions and the magnetoelastic ﬁlament
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term out of the bracket in eq. (1), the sperm number can
be rewritten as Sp = L/lh , where lh can be interpreted as
the distance that waves penetrate into a ﬁlament if it is
held ﬁxed and oscillated at one end. The rescaled magnetic
ﬁeld strength,

1/2 3
π
χa
2
N B,
(2)
Bs =
3 µ0 A
l0

Table 1: Deﬁnition of the parameters used in the text.

Parameter
bead radius, a [µm]
spring rest length, l0
spring force constant, k [N/m]
magnetic susceptibility, χ
viscosity, η [Ns/m2 ]
bending elastic constant, A [Nm]
number of beads, N

Value
0.5
3a
1.5 × 10−3
0.993
10−3
4.5 × 10−22
20

has been discussed in more detail in [10,15]. Here we
summarise only the more important aspects of the model
that are necessary to understand the current work.
The ﬁlament of length L is discretised as a linear
chain of N beads and the free energy of deformation has
contributions from three sources. Elastic interactions due
to stretching, 12 k(|rij | − l0 )2 , and bending, lA0 (1 − r̂ij · r̂jk ),
acting between successive pairs and triplets of beads with
rij = rj − ri being the separation between beads. Finally,
there is a dipolar potential term for the interactions of
magnetic dipoles induced in each bead by an applied
external ﬁeld B p̂. As described in [10], this has the
6
2 1−3(p̂·r̂ij )
and acts between all beads
form 4πa
3
9µ0 (χB)
rij
with magnetic moments. All parameters and equivalent
experimental values are deﬁned in table 1.
We have implemented the connection between the ﬁlament and the surface slightly diﬀerently from ref. [15].
Instead of two stationary, non-magnetic beads at the
surface that ﬁx the tangent vector of the ﬁlament at its
base to be aligned with the surface normal, we have only
a single anchor bead with no induced magnetic moment.
This allows the beads at the base of the ﬁlament to rotate
freely in response to the magnetic ﬁeld.
Hydrodynamic interactions between beads are implemented at the level of a modiﬁed Rotne-Prager tensor
µij . This takes into account the no-slip boundary
condition at the surface to which the ﬁlament is
attached [11,15]. The
 simulations solve the dynamic
equations dri /dt = j µij Fj , where Fj = −∇rj E is the
force acting on bead j and E the total free energy of the
ﬁlament as a function of the bead coordinates ri . We note
that simulations are halted if there is a collision between
the ﬁlament and the surface.
In the following section, we discuss the actuation of
the magnetoelastic ﬁlament by a magnetic ﬁeld oscillating
with angular frequency ω. Two dimensionless variables
have been identiﬁed that characterise the beating of such
ﬁlaments [3,8]. First, the so-called sperm number
1/4

6πη la0 ωL4
,
(1)
Sp =
A
gives the relative importance of viscous and elastic forces.
We note that Sp is usually deﬁned using the transversefriction coeﬃcient γ⊥ rather than 6πη la0 . By taking the L4

gives the relative importance of elastic and magnetic forces
and is similar to the magnetoelastic number deﬁned in
previous works [8,16].
The torque felt by two beads at an angle θ with the
magnetic ﬁeld is proportional to sin(2θ). There is therefore
no torque if the local tangent vector is either parallel or
perpendicular to the ﬁeld. The dipole-dipole interaction
between pairs of particles is also short ranged in comparison with the length of the ﬁlament, extending only over
a few neighbouring particles [8]. For a ﬁlament that is
initially straight but at an angle with the external ﬁeld, a
net magnetic force is felt only on beads that are close to the
ends of the ﬁlament sinces forces in the centre cancel. In
the geometry that we examine in this work, re-orientation
therefore occurs mostly at the free end of the ﬁlament.
It is common to measure the total ﬂow produced by
an object acting on a ﬂuid by quoting the total thrust (i.e
the total force) created by the object, see for example [14].
In our case, the proximity of the surface means that it is
necessary to take into account the distance between the
surface and the force. We adopt the approach of previous
studies on induced ﬂow close to surfaces [11,15,17] and use
an expression that corresponds to the integrated ﬂow in
a plane parallel to the surface1 . If the plane is above the
point source(s), the volume of induced ﬂow per unit time
in the y-direction is

1  t+T 
(y)
dt zi (t )fi (t ),
(3)
Dy =
Tη i t
(y)

where fi is the y-component of the point force and
zi is the separation between source and the surface. In
eq. (3) we have averaged the induced ﬂow over one period,
T = 2π/ω, of the oscillating magnetic ﬁeld. In the following
we consider a dimensionless version of this,

1  t+T 
(y)
∗
dt zi (t )fi (t ),
(4)
Dy =
ηL3 i t
where L is the ﬁlament length. Dy∗ therefore gives a
measure of the induced ﬂuid ﬂow relative to L3 , where
the volume L3 is relevant to the scale of the system.
We use two additional measures to characterise the
induced ﬂow. First we note that because of the periodic

is calculated from the integral Ḡ = dxdyGyy (x, y, z,


where Gyy (x, y, z, x , y , z  ) is the Blake
tensor [18] that maps a point force in the y-direction at position
(x , y  , z  ) to the resulting flow field in the y-direction at a height z
from the surface.
1 This

x , y  , z  ) = min(z, z  ),
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nature of the beating pattern, the ﬂow of the ﬂuid will
occur in both the chosen “target” direction and in the
opposite direction. From our simulations we can measure
the total induced ﬂow in both directions and deﬁne an
asymmetry
|F| − |B|
,
(5)
εfl =
|F| + |B|
where F and B are the integrated ﬂows over a single cycle
in the forward and backward directions. εfl therefore gives
an indication of how eﬀectively we are creating a ﬂuid
ﬂow in the chosen direction. Finally, we measure the time
average of the dissipated power

1  t+T  
dt fi (t ) · vi (t ).
(6)
ξ=
T i t
Results. –
Planar strokes. In this section we analyse the beating
stroke of a ﬁlament induced by a magnetic ﬁeld that
oscillates between two angles with respect to the normal
of the surface (see ﬁg. 1). This mode of operation has been
studied more deeply in reference [15]. Here we study one
value of the magnetic-ﬁeld strength and investigate the
inﬂuence that defects, introduced as beads across which a
torque is not transmitted, have on the beating kinematics.
First we review the behavior of the beating stroke without
defect.
We ﬁx the time asymmetry α = (a − b)/(a + b) = 0.95,
the scaled ﬁeld strength Bs = 2.5, and set φmax = π/3,
leaving the drive frequency ω, determined through Sp, as
the sole control parameter. For a perfectly rigid ﬁlament,
the integrated ﬂuid ﬂow induced by parts a and b of the
stroke would be identical. Instead, we can create a net
ﬂow in the direction of the slow stroke by inducing a bend
in the ﬁlament during the fast stroke [11,15]. This bend
brings the upper tip of the ﬁlament closer to the surface
and reduces the net ﬂow in the direction of the fast stroke.
The pumping performance Dy∗ and ﬂow asymmetry εfl
are shown together in ﬁg. 2(a). As discussed in ref. [15], the
performance peaks for values of Sp ≈ 3. The small value of
εfl indicates that the net ﬂow in the +y-direction is only
a small fraction of the total induced ﬂow. Therefore the
order of magnitude of Dy∗ is much smaller than might be
expected from the actuation of a ﬁlament of
length L.
The rescaled instantaneous ﬂow, d∗y (t) = i fyi (t)zi (t)/
ηL3 , for Sp = 4.4 is shown as the thick dark line in the
upper panel of ﬁg. 2(c). The short part of the beating
stroke where the ﬁlament rapidly rotates through an angle
2φmax is indicated by the shaded region to the right of
the ﬁgure. It can be inferred that for this value of the
frequency the responses of the ﬁlament to each part of the
stroke have merged since the negative and positive parts of
the ﬂow almost divide the ﬁgure into two. At lower driving
frequencies the diﬀerence between fast and slow strokes is
more distinct.
A “defect” can be introduced into the ﬁlament by
changing the value of the bending elastic constant, A, at

φ(t)
φmax
−φmax

a+b=T
a

b
t
z
φ(t)

B
y

Fig. 1: Kinematics of the magnetic ﬁeld: the ﬁeld oscillates in
the plane normal to the surface between the angles ±φmax .
Forward and backward strokes occur during time intervals a
and b, respectively.

an isolated point within the chain. Such points have been
observed experimentally and analysed theoretically [8] and
occur because the linkage between successive beads can
occasionally be ﬂawed. Instead of lowering A by a certain
amount, we set the value to zero across a bead that is
a distance l from the base of the ﬁlament. The defect
bead still has a magnetic moment, so the torque can
be transmitted across this point through the magnetic
coupling.
We choose to examine the eﬀect of introducing defects
for a value of Sp that is slightly larger than the value for
which the pumping performance Dy∗ is maximised, though
we ﬁnd that the eﬀects we observe are generic. The values
of Dy∗ , εfl and ξ for chains which have a single defect
at a distance l from the ﬁlament anchor are shown in
ﬁg. 2(b). In each case the values are normalised relative to
those of a ﬁlament with no defect actuated by the same
magnetic ﬁeld. We found that simulations with l  0.2L
led to collisions between the surface and the ﬁlament.
As stated earlier, we do not include the results of these
simulations here.
The normalised value Dy∗ shows that adding a defect
to the ﬁlament can greatly increase the pumping performance. This improvement is greater if the defect is placed
closer to the anchor point. We ﬁnd that Dy∗ has doubled
for the lowest defect position. The ﬂow asymmetry εfl also
increases in a similar way. We note that this increase in
the induced ﬂow rate does not make a great diﬀerence on
the rate of energy dissipation: there is a slight decrease
in ξ for higher positions, and a slight increase for defects
closer to the surface, but little overall change.
In ﬁg. 2(c) a comparison is made between the time
dependence of the induced ﬂow for a ﬁlament with a
defect close to the surface and a ﬁlament with no defect.
The proﬁles are similar for both ﬁlaments but there
is a pronounced diﬀerence after the rapid rotation of
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Fig. 2: (a) The total induced ﬂow Dy∗ and ﬂow asymmetry εfl for a ﬁlament operating across a range of Sp with scaled ﬁeld
strength Bs = 2.5. The dotted line and (∗) show the range of pumping performances for the ﬁlaments with defects that we discuss
in the text; the dashed line indicates the pumping performance for ﬁlaments with defects at l = 0.5L. (b) Position dependence
of the induced ﬂow Dy∗ , pumping asymmetry εfl and dissipated energy ξ for ﬁlaments with a defect positioned a distance l from
the surface for Sp = 4.4. The dotted lines are used to emphasise the change in the slope of Dy∗ at l ≈ 0.4L. Values have been
scaled relative to those for an unmodiﬁed ﬁlament. (c) Upper panel: time dependence of the induced ﬂow, d∗y (t), for ﬁlaments
with defects at l = 0.2L and 0.6L, and an unmodiﬁed ﬁlament. Middle panel: zN , the position of the upper tip of the ﬁlament,
as a function of time. Lower panel: angle, θ, between the lower section of the ﬁlament and the surface. The shaded area in each
panel shows the duration of the fast rotation of the ﬁeld.

the external ﬁeld, t/T < 0.5. When calculating Dy∗ for
the strokes as the integral underneath these curves, the
majority of the variation comes from this region, i.e., it
is in this part of the stroke that the diﬀerence between a
ﬁlament that has a defect and one that does not is most
apparent.
The origin of this diﬀerence can be found by examining
two variables that characterise the trajectory of the
ﬁlament. First, eq. (4) shows that point forces further from
the surface have a greater inﬂuence on Dy . We therefore
examine the distance, zN , between the surface and the
upper tip of the ﬁlament in the middle panel of ﬁg. 2(c).
In the range 0.5 < t/T < 1.0, the ﬁlaments beat in similar
ways; diﬀerences in zN between the ﬁlament types are only
seen during the relaxation time after the external ﬁeld has
returned to the starting position. In this time interval it is
clearly visible that for ﬁlaments with defects closer to the
surface, the bend of the ﬁlament that is observed for the
unmodiﬁed ﬁlament is enhanced. This is due to the fact
that the defect can act as a pivot around which the upper
section rotates.
In ﬁg. 2(b) there is a noticeable change in the slope of Dy∗
at approximately l = 0.4L. A second measurement of the
ﬁlament conformation can help identify the cause of this.
We examine the angle, θ, between the vector connecting
the anchor bead with the ﬁrst bead of the chain and the
surface. For all ﬁlaments actuated under these values of
the magnetic ﬁeld strength and frequency we ﬁnd that
the base of the ﬁlament rotates in the opposite direction
to the fast rotation of the ﬁeld, lower panel ﬁg. 2(c). This
rotation is relatively unchanged by the introduction of a
defect in the upper part of the ﬁlament, and is caused
by the hindered rotation of the lower ﬁlament in the
same direction as the ﬁeld. For defects positioned below
l = 0.4L, the amplitude of the rotation becomes much

B

θ

Fig. 3: Left: schematic showing the relative forces on beads in
the lower half of the ﬁlament for a magnetic ﬁeld at an angle to
the ﬁlament. Middle and right: the relaxation of the ﬁlament in
response to these forces for ﬁlaments with no defect and with
a defect close to the surface. If a defect is present it can act as
a lever which lowers the upper tip of the ﬁlament.

stronger: by bringing the pivot point closer to the surface,
the lower end of the ﬁlament above the defect can rotate
more freely without an increase in bending energy. This
magniﬁes the lever-arm eﬀect of the defect, lowering the
top of the ﬁlament and consequently reducing the ﬂow in
the −y-direction. This scenario is illustrated schematically
in ﬁg. 3.
To conclude this section we mention that the particular
values of the frequency and magnetic ﬁeld strength that
we have studied here have been chosen to emphasise the
extent to which including a defect within the ﬁlament
can alter the beating stroke and improve the pumping
performance. When the defect is in the lower part of
the ﬁlament we ﬁnd that there are collisions with the
surface for certain parameter sets. Inclusion of a defect
at a position in the middle of the ﬁlament is however
generally beneﬁcial as shown by the dashed line in ﬁg. 2(a),
which shows the pumping performance for ﬁlaments with
defects placed at l = 0.5L. An animation showing the

44002-p4

Beating kinematics of magnetically actuated cilia
z

z

θ

1

φ

φ

B

0.8

Dy*

B
y
x

y

0.6
0.4

x

0.2

Fig. 4: Kinematics of the three-dimensional magnetic ﬁeld. We
simulate ﬁlaments actuated by magnetic ﬁelds that follow the
surface of a cone with opening angle φ, tilted at an angle θ
to surface normal (left) and a “hybrid” stroke (right) which
consists of a rotation in the yz-plane as the propulsive stroke
followed by a truncated cone with opening angle φ oriented
normal to the surface; both parts of the stroke are executed in
equal time.

diﬀerences in beating kinematics of ﬁlaments with and
without defects is available in the online supplementary
material, defect tilted.mov.
Three-dimensional strokes. We consider two diﬀerent
beating strokes that are the results of the magnetic-ﬁeld
kinematics shown in ﬁg. 4. The ﬁrst stroke is a tilted cone
that takes advantage of the bounding surface (through
eq. (3)). This generates a net ﬂow along the y-axis by
bringing one part of the stroke close to the surface.
Second, a “hybrid” stroke can be simulated that attempts
to maximise the eﬀectiveness of the transport stroke by
keeping it entirely in the plane normal to the surface.
The recovery stroke follows a cone with opening angle φ
that is perpendicular to the surface; again we attempt to
create a ﬂuid ﬂow along the y-direction. In this section, a
magnetic-ﬁeld strength Bs = 4.1 is used. This corresponds
to an experimentally realistic value of ≈ 50 mT.
When the ﬁlament is driven slowly, it will remain
straight. If we make the assumption that the ﬂow is
produced by forces whose strengths increase linearly along
the length of the ﬁlament starting from the anchoring
point, we can use eq. (4) to show that Dy∗ will scale as
∼ sin2 (φ)sin(θ). For the bounding case that the ﬁlament
just touches the surface at its lowest point, θ + φ = π/2,
we ﬁnd that 
the pumping performance is maximised for
φ = arccos(1/ (3)) ≈ 54◦ . In ﬁg. 5 we make a comparison
between this theoretical assumption and the measured
value of Dy∗ for a ﬁlament driven at low frequency. The plot
shows that the agreement between the two is excellent.
From this point forward we restrict the tilt angle of
the cone to be π/4 = 45◦ , close to the maximum value.
The pumping performance and ﬂow asymmetry for this
case for a range of φ and Sp are shown in ﬁg. 6(a), (b).
It is immediately obvious that three-dimensional strokes
are much more eﬀective at inducing a directed ﬂow: both
Dy∗ and εfl are signiﬁcantly higher than for the planar
beating strokes of the previous section. Also noticeable

0
0

π/8

π/4

φ

3π/8

Fig. 5: Comparison between the theoretical prediction and the
measured value of the pumping performance, Dy∗ , for the tilted
cone (Sp = 2). Each curve represents the results for diﬀerent
values of the opening angle, θ, separated by ∆θ = 0.1 starting
from the bottom with θ = 0.1. Measured values are given by
points, the solid lines are a least-squares ﬁt of the simulation
data to C sin2 (φ) sin (θ), where C is a constant.

Fig. 6: Pumping performance Dy∗ and εfl as a function of Sp.
(a, b) Tilted cone (θ = π/4): each curve corresponds to a
diﬀerent opening angle φ with changes of ∆φ = 0.1 (in radians)
between curves up to a maximum φ = 0.7 (upper curve).
(c, d) Hybrid stroke: each curve corresponds to a diﬀerent
opening angle φ with spacing ∆φ = 0.1 up to a maximum
φ = 1.1 (upper curve).

is the fact that the maximum of both quantities for a
given φ occurs at zero frequency. However, we emphasise
that the results in ﬁg. 6(a) give the time-averaged ﬂuid
ﬂow relative to L3 /T . The absolute ﬂuid ﬂow Dy has a
maximum for non-zero Sp; in each case the maximum
occurs at a frequency slightly less than Sp = 4. Increasing
the value of the opening angle, thereby bringing the return
stroke closer to the surface and the eﬀective stroke closer
to the surface normal, has the eﬀect of increasing both
Dy∗ and εfl . The results of the simulations undergoing the
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of artiﬁcial cilia to pump ﬂuid. A number of measures
have been introduced to characterise the net ﬂow induced
by periodic actuation of the ﬁlaments with rotating
external ﬁelds. We have found that three-dimensional
strokes that have a return path close to the surface are
much more eﬀective at pumping ﬂuid than planar strokes
that rely on the asymmetric response of the ﬁlament.
For planar beating strokes we have investigated the
possiblity of introducing defects into the ﬁlament and
therefore allowing it to freely bend at isolated points.
Fig. 7: (a) Maximum height of the ﬁlament tip for the tilted
cone (φ = 0.7, solid line) and hybrid (φ = 1.1, dashed line) This modiﬁcation of the ﬁlament has been shown to be
strokes. (b) Superimposed snapshots of a ﬁlament actuated by able to increase the pumping performance considerably.
the tilted cone stroke (φ = 0.7, Sp = 5.3). The dashed lines show
the tilt axis and the upper and lower extents of the magnetic
ﬁeld.
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increasing the driving frequency diminishes the ﬂuid ﬂow;
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