Chapter 20

Modeling Morphodynamic Phenotypes
and Dynamic Regimes of Cell Motion
Mihaela Enculescu and Martin Falcke

Abstract Many cellular processes and signaling pathways converge onto cell
morphology and cell motion, which share important components. The mechanisms
used for propulsion could also be responsible for shape changes, if they are capable
of generating the rich observed variety of dynamic regimes. Additionally, the
analysis of cell shape changes in space and time promises insight into the state of the
cytoskeleton and signaling pathways controlling it. While this has been obvious for
some time by now, little effort has been made to systematically and quantitatively
explore this source of information. First pioneering experimental work revealed
morphodynamic phenotypes which can be associated with dynamic regimes like
oscillations and excitability. Here, we review the current state of modeling of
morphodynamic phenotypes, the experimental results and discuss the ideas on the
mechanisms driving shape changes which are suggested by modeling.

1 Introduction
Cell motility plays a key role in tumor cell migration and enables the directed
movement of embryonic cells to the appropriate locations in the body [141].
Understanding the mechanisms of cell motility might be a basic tool to inhibit
cancer spread or prevent cardiac malfunctions [48].
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The goal of this review is to critically discuss and classify mathematical models
which capture the essential biological dependencies found experimentally. Such
models show by reduction the most important interactions of a very complex
biomechanical system. Also, models can predict how the migration pattern changes
by perturbing different mechanisms, and offer therefore further insight into the
biological phenomena.
Mathematical models for cell motility cover several levels of description – from
single actin filaments to cell fragments, whole cells, and tissues [26]. They also
focus on the description of different aspects of cell motility: initiation of actinassembly and pre-merging conditions, perpetuation mechanisms after movement
has started, adhesion and the interaction with the extra-cellular matrix, morphodynamics, or cell-to-cell communication and group dynamics of migrating cells. Here,
we concentrate on the morphodynamics of single crawling cells.
The cell shape is mainly determined by the cell cytoskeleton, which is one of
the main players in cell crawling. Hence, understanding the external cell shape
deformations can indirectly provide information about the state of the motility
machinery of the cell. Cell crawling occurs by the interplay of leading edge
protrusion, adhesion of the front, deadhesion of the back, and contraction of the cell
body [3, 57]. Membrane protrusion, that also determines the cell shape dynamics,
occurs by the extension of a thin flat cytoskeletal structure, the lamellipodium,
in the direction of motion. Inside the lamellipodium, a network of cross-linked
actin filaments grows by polymerization in the direction of movement. This actin
network, attached to the extra-cellular matrix and to the rest of the cell body, can
be viewed as the motor of the cell. The main mechanisms that drive it are briefly
reviewed in the following.

2 Basic Ideas on the Motile Machinery of Cells
The cytoskeleton of the cell contains several biopolymers that differ in stiffness
and polarity. They can grow and shrink, rearrange, cross-link, and form bundles.
This determines the form of the cell and can also generate movement. The force of
protrusion in the lamellipodium is believed to arise from the polymerization of actin
[92, 112]. Actin polymers are found in bundles in the interior of the lamellipodium,
where myosin motor molecules can move along them to create contractions. Toward
the leading edge membrane, actin forms a polar network with the fast polymerizing
ends directed toward the membrane. At the opposite end, filaments depolymerize,
actin monomers are recycled and diffuse to the front, where they are consumed
by the growing tips [110]. This process of treadmilling is regulated by a number
of proteins [14, 34, 55, 66, 87, 128]. Arp2/3 (actin related protein 2/3) binds to an
existing actin filament and nucleates a new branch. Arp2/3 is activated by regulatory
proteins, like the membrane associated WASP. Capping proteins bind to the end
of a filament and prevent polymerization and depolymerization. Cofilin binds to
filaments, enhances depolymerization, and severs them. Profilin binds to actin
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monomers and favors the recycling of actin monomers into filaments. Thymosin ˇ4
binds actin monomers preventing their polymerization and acts as a buffer for
monomeric actin. Different kinds of cross-linking proteins connect filaments and
provide mechanical stability to the network. Other proteins are believed to bind
actin polymers to the membrane.
Several studies have found differences in the actin network region just behind
the leading edge and the network further in the bulk of the lamellipodium [111,
121, 133]. This leads to a picture where two different actin arrays – the wide
lamella and a narrow lamellipodium in front or on top of the lamella – are pushing
the membrane. While the lamellipodium is rich in branched polymerizing and
depolymerizing actin filament ends, the lamella consists of more strongly crosslinked or bundled filaments. Earlier studies suggested the lamellipodium network
to be highly branched and cross-linked very close to the leading edge membrane
already [131, 139]. More recent studies showed that the branch point density in the
lamellipodium may be rather low and the lamellipodium-like structures may extend
several hundred nanometers into the cell [137]. The studies also differ in their results
on filament length. While some conclude that filaments in the lamellipodium have
a length of a few hundred nanometers [131, 139], others find a few micrometers
[75,122,123,137]. In the dual picture, protrusion and retraction of the leading edge is
due to the lamellipodium, while the lamella plays the main role in cell translocation,
by integrating contractions due to myosin motors with adhesions to the substrate
[13, 29, 30, 75]. Other studies however question the existence of two different actin
networks in migrating cells [123] and a lamella beneath the lamellipodium [138].

3 A Short Review of the Scientific Discussion on Actin
Filament Attachment to the Leading Edge Membrane
of Lamellipodia and the Evidence for the Presence
and Functioning of F-Actin-Membrane-Linking
Proteins There
Attachment of filaments to the surface of the object which is moved by actin
polymerization is found in many reconstituted systems and biomimetic systems.
That observation led to the formulation of the tethered ratchet model [98]. Attached
filaments may fundamentally change the force balance at the obstacle surface
since they can exert pulling forces. Indeed, pushing and pulling forces exerted by
attached and polymerizing filaments respectively, may both be much stronger than
the resulting difference, which is then equal to the force actually moving the object
[43, 98]. Hence, it is worth discussing whether filaments also attach to the leading
edge membrane of lamellipodia and whether models should take that into account.
While there is no direct proof of attachment of filaments to the lamellipodium
leading edge membrane, Carlier and Pantaloni state “Biomimetic assays of propulsion of N-WASP-functionalized microspheres or vesicles have demonstrated that
the actin tail is attached to the particle surface. . . , suggesting that similar bonds
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exist between the filaments and the membrane during protrusion” [14]. Attachment
was also observed with oil droplets used as biomimetic system [135]. Binding of
filaments to leading edge membrane is discussed as a possibility, suggestion, or even
necessity for directed motion by several groups and labs [14, 15, 27, 75]. Keren and
Theriot also point out “the high concentration of protein complexes at the leading
edge and their extensive connections to the actin cytoskeleton” [72]. Co et al.
demonstrate that actin filaments can bind to WH2 domains also independently of
the branching process [27,130]. Hence, even without considering the major F-actinmembrane linker ezrin, radixin, and moesin (ERM proteins), membrane binding of
F-actin is suggested.
Only activated ERM proteins link F-actin to membrane proteins. They are activated by first binding PIP2 and subsequent phosphorylation at a threonine residue
(T576 ezrin, T558 moesin, and T564 radixin) [46, 47]. ERMs are phosphorylated
by myotonic dystrophy kinase-related Cdc42-binding kinase in filopodia [100],
protein kinase C˛ in membrane protrusions [101], and the Rho-associated kinase
(ROCK) in microvilli [104], although this latter finding is controversial [93].
G protein-coupled receptor kinase 2 phosphorylates radixin in epithelial cells [71].
The Nck-interacting kinase NIK phosphorylates ERM proteins in rat mammary
epithelial cells and in CCL39 fibroblasts [7]. ERM proteins are phosphorylated in
response to stimuli linked to motility and morphodynamics.
Active ERM proteins and their binding partners are located at the leading edge.
Phosphorylated ezrin is localized in ruffles and at the leading edge of pseudopodia
of fibroblasts [85]. Similarly, phosphorylated ezrin and NIK were found at the
distal margins of lamellipodia in mammary epithelial cells [7]. Baumgartner et al.
mention the interesting idea that localization of kinases may sharpen the localization
of pERM at the distal margins of lamellipodia beyond the localization of ERM,
which is already restricted to lamellipodia [7]. The NaC –HC -exchanger NHE1 is
one of the ERM binding partners in the plasma membrane [36]. NHE1 is enriched
in lamellipodia and membrane tufts of fibroblasts [36, 60, 114] (and other cell types
[74, 83]) and the membrane pool of ezrin is predominantly bound to NHE1 [36].
NHE1 can also be found along the smooth edge of the cell [36]. Ezrin localization
showed a striking overlap with NHE1, but radixin was only found in lamellipodia
and membrane tufts [36]. It is interesting to note in this context that radixin was
originally identified as a barbed end capping protein [136].
Activation of ERM proteins may cause lamellipodium formation and ezrin–
NHE1 binding is required for normal lamellipodium shape. Radixin is involved in
lamellipodia stability of nerve growth cones [25]. ERM are also involved in lamellipodium formation. Phosphorylation at T567 causes formation of lamellipodia in
LLC-PK cells [50]. F-actin networks extended to the peripheral edge of membrane
protrusions in fibroblasts expressing NHE1, which was able to bind ezrin, but
not in fibroblasts deficient of NHE1 or expressing NHE1 not able to bind ezrin
[36]. Loss of NHE1-dependent cytoskeletal anchoring impairs directionality of cell
migration [35]. Migrating fibroblasts expressing ezrin-binding NHE1 form a broad
lamellipodium, by contrast with migrating cells expressing NHE1 unable to bind
ezrin which form many small protrusions [35].
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Another actin- and membrane-binding protein – myristoylated alanine-rich C
kinase substrate (MARCKS) – is involved in lamellipodia formation [117]. It
translocates to the membrane upon dephosphorylation. MARCKS is phosphorylated
at Ser 159 by Rho-kinase as well as PKC [67, 99, 132]. In SH-SY5Y cells,
stimulation with insulin-like growth factor-I (IGF-I) causes dephosphorylation of
MARCKS. PI3-K has been reported to be involved in the dephosphorylation via
activation of the PI3-K/Akt pathway [106,118,140]. PI3-K inhibitors attenuated the
IGF-I-induced dephosphorylation of MARCKS, MARCKS translocation to lipid
rafts and lamellipodia formation. These results support the idea that the transient
dephosphorylation of MARCKS induced by IGF-I triggers the translocation of
MARCKS to lipid rafts and lamellipodia formation [144]. IGF-I stimulation
of SH-SY5Y cells caused the translocation of MARCKS to lipid rafts in the edge of
lamellipodia, where it forms a complex with PIP2 [144]. Knockdown of MARCKS
with siRNA technology abolished lamellipodia and neurite formation induced by
IGF-I [144]. Cells exhibited a small number of tiny lamellipodia-like structures at
the cell edge instead but not widely spread F-actin structures. That is evocative of
the small protrusions reported from migrating fibroblasts expressing NHE1 unable
to bind ezrin [35].
IGF-I stimulation also transiently decreases RhoA–GTP content in SH-SY5Y
cells [118]. The RhoA/Rho-kinase pathway is considered to be a major target of
the PI3-K/Akt signaling pathway, and PI3-K negatively controls RhoA activity
[106, 140]. Hence, a link from MARCKS to ERM proteins via RhoA might
exist.
Gelsolin is an actin severing and barbed end capping protein [129, 145, 146].
Gelsolin can bind actin filaments and membrane at the same time [61, 94].
Gelsolin interacts with PIP2, which inhibits capping [68]. Whether PIP2 also
uncaps filaments [38, 115] or not [79] is a matter of debate. Gelsolin can also bind
polyphosphoinositide-free lipid vesicles and simultaneously to actin microfilaments
[94]. CP (called CapZ in muscle) also caps F-actin barbed ends. It also interacts with
PIP2 [62, 79]. It has also been suggested that CapZ can link F-actin and membrane
independently of PIP2 [125]. Both gelsolin [124] and CapZ [28] are present in
the lamellipodium. Hence, gelsolin and CP are further potential F-actin-membrane
linkers.
Actin binding membrane proteins can stay at the leading edge despite the
retrograde flow of the actin network. References [7,85] suggest pERM to be located
directly at the leading edge. This is supported by another simple consideration.
Actin binding proteins in the membrane are carried away by F-actin retrograde
flow in the lamellipodium, if there is no counteracting force. Hence, actin binding
proteins staying in the lamellipodium must either be anchored or transported
retrogradely. Proteins in the leading edge membrane experience a force orthogonal
to the membrane when they bind to actin in the lamellipodium. The force keeping
them in the lipid bilayer provides the force counteracting retrograde transport and
they are therefore not swept away by retrograde flow. Keren and Theriot remark on
the observation that actin binding proteins at the leading edge do not flow rearward
“The lack of lipid flow, together with the presence of a diffusion barrier at the
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leading edge, imply that physical trapping may be sufficient for maintaining the
localization of various essential membrane-bound components there” [72].
In summary, it has been shown that F-actin-membrane-binding is necessary for
the formation of lamellipodia and that activated linker proteins are at the leading
edge.
The effect of binding of F-actin to the membrane on the shape of lamellipodia
favors larger coherent structures, as mentioned above [35, 144]. This suggests that
the occurrence of pushing and pulling filaments at the leading edge does not
strongly distort the membrane on the length scale of typical filament distances.
This is supported by another estimate. We can obtain an idea about the scale on
which cellular forces cause membrane distortion from an estimate of the critical
radius for bleb formation. Blebbing occurs at patches of membrane not bound to
the actin cortex. The pressure difference across the membrane drives blebbing.
Membrane tension and resistance to bending counteract deformation and cause a
minimal critical radius of the unattached membrane patch. Sheetz et al. estimated
it to be about 470 nm [117]. Hence, the critical diameter is at least by a factor
of nine larger than typical distances of filaments in lamellipodia, if calculated
from filament density measurements (100/m, lamellipodium height 200 nm). More
recently, filament distance in lamellipodia was estimated to be even 30 nm only
[137]. In summary, there are good reasons to assume that membrane distortion is
negligible on the length scale of filament distances. Modeling methods for dealing
with membrane shape on larger length scales have been published [44, 73].
Modeling has shown that transient binding is compatible with protrusion [43,
43, 98, 147]. Based on these considerations, we conclude that the experimental evidence strongly suggests inclusion of F-actin-membrane binding into lamellipodium
leading edge models.

4 Dynamic Regimes of Actin-Based Motion
When placed on a substrate, cells spread and eventually start moving spontaneously
or as a result of mechanical or chemical stimulation. Sometimes cells are found to
be testing the substrate, the topology of which influence the behavior [109]. The
movement of the cell boundary can occur continuously or in cycles of protrusion
and retraction. Mouse embryonic fibroblasts spreading on a fibronectin-coated glass
show phase transitions from a resting state to a state of fast and continuous spreading
and further to periodic membrane retractions [39]. Lateral membrane waves with
a lateral speed of about 100 nm/s have been observed in a variety of spreading
cells, including mouse embryonic fibroblasts, T cells, as well as wing disk cells
from fruit flies [40]. For keratocytes, the leading edge morphology seems to be
coupled to the motile behavior – coherent, smooth cells migrate significantly faster
than decoherent, rough cells [82]. Epithelial cells show three different protrusion
phenotypes: A state where long cell edge sectors are synchronized in cycles
of protrusion and retraction, a state where random bursts of protrusion initiate
protrusion waves propagating transversally in both directions, and a state where
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continuous protrusion is occasionally interrupted by self-propagating ruffles [91].
Cells switch between states depending on the Rac1 activation level and the PAK and
Arp2/3 concentrations. Increased Rac1 levels lead to increased activation of Arp2/3
and inhibition of cofilin via PAK [41, 65]. Arp2/3 nucleates filaments on existing
filaments [64,127], and cofilin severs filaments and promotes their depolymerization
[6,15,84]. Changing the activities of Rac1, PAK, and Arp2/3 results therefore into a
change of the most important parameters of the actin network – density, length, and
growth velocity. Thus, experiments show that in principle, the structure and function
of the actin network inside the cell can be mapped into the external shape dynamics,
which can be observed without interfering directly with the cell.
Experiments on model systems, such as protein-coated beads or fluid droplets
placed in a motility medium, are helpful in understanding the motile machinery
inside a cell. The motion of protein-coated plastic beads can be smooth or saltatory,
depending on the bead radius and the surface concentration of the protein [9, 105].
Also, deformable lipid vesicles show both regimes of motion, and can reach up
to 10 m/min, compared to 3–4 m/min for beads. A comparative study comes
to the conclusion that hard and fluid actin propelled objects rely on different
mechanisms to establish and maintain directed movement: Stress relaxation within
the actin gel prevents the accumulation of filaments at the front of moving beads,
while segregation of nucleators reduces actin polymerization at the front of moving
vesicles [33]. Similarly, oil droplets can show continuous or hopping motion in
a motility assay [12, 135]. The probability for oscillatory movement is higher for
smaller droplets, and the oscillatory mechanism seems to be based on diffusion and
convection of the surface protein activating actin polymerization.

5 Modeling Concepts
We distinguish in the following between continuum and filament models. This
classification is not based on the mathematical form of the model, but rather on the
primary treatment of the actin cytoskeleton. Continuum models start from the theory
for visco-elastic gels and the filament properties enter via constitutive equations and
material constants. Filament models start from the properties of single filaments and
investigate how a population or network composed of them behaves.

5.1 Continuum Models
Part of the theoretical work on cell motility has been done within the framework
of continuum models. Such models treat the cytoskeleton as a continuum medium
and do not consider the microscopic details of the force generation process. Existing
continuum models are based on various physical theories and differ in the choice of
the state variables used to describe the cytoskeleton.
Several approaches focus on the biochemical processes inside the cell. The
dynamics of the cytoskeleton are thereby described by the concentration of
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actin filaments as well as of the regulatory proteins controlling their growth,
leading to coupled systems of differential equations. Mogilner et al. establish
reaction–diffusion equations for the actin monomers in their different forms
(ADP–G-actin–ADF/cofilin, ADP–G-actin–profilin, ATP–G-actin–profilin, and
ATP–G-actin–thymosin ˇ4 complexes) and include growth by polymerization of
the barbed ends of actin filaments, capping and depolymerization [96]. The study
calculates stationary velocities as stationary solution of the set of reaction diffusion
equations in dependence on concentrations of capping proteins, thymosin ˇ,
profilin, and other biochemical parameters. Its force balance at the leading edge
includes pushing forces from polymerizing filaments and a constant force as
membrane resistance. Force dependence of polymerization and the limitations
by G-Actin flux toward the front lead to an optimal filament density for a given
membrane resistance.
A study by Grimm et al. aims at predicting the shape of the leading edge [59]. It
models the dynamics of the density of right and left oriented barbed ends by considering growth, branching, and capping but not retrograde flow or filament attachment.
The resistance of the membrane to motion is a constant force. Consequently, leading
edge velocity increases with filament density in that model. The feedback for the
shape of the leading edge to the actin density increases densities at local protrusions.
This positive feedback loop may cause shape instability at high capping rate. The
model predicts well the leading edge shape of fish keratocytes at low capping rates.
The theory was supplemented by G-actin consumption by growth and membrane
tension in the stability analysis in [73, 82].
Dawes et al. [31] consider the spatial distribution of actin filaments and their
barbed ends in a simplified 1D geometry. The model includes diffusion of the
Arp2/3 complex, force-dependent polymerization, retrograde flow, spontaneous
nucleation, tip and side branching as well as capping and depolymerization. As
in many models of this type, the protrusion rate is proportional or equal to the
polymerization rate. Increasing the rate of nucleation of filaments (by the actin
related protein Arp2/3) or the rate of actin polymerization leads to faster cell speed,
whereas increasing the rate of capping or the membrane resistance reduces cell
speed in this study. A simple model [49] considers the densities of barbed and
pointed ends, coupled to a reaction–diffusion equation for the concentration of
actin monomers and allows for the description of the polarization of an initially
symmetric cytoskeleton and the initiation of motion.
A very extensive model has been developed in [10, 11]. It provides a method to
solve the complete nucleotide profile within filaments by considering the cycle of
actin-assembly and disassembly, including many details such as ATP hydrolysis and
the role of profilin in the nucleotide exchange.
Other models focus on the mechanics of the cytoskeleton, which is treated as
viscous or visco-elastic fluid. References [2,81] consider two dynamic components:
the cytosol, treated as a Newtonian fluid, and the polymerized actin filaments,
treated as an elastic medium. Adhesion kinetics is considered here through a
frictional force on the filamentous phase. The idea of a two-phase network has been
elaborated further in [103], where a nonlocal pressure term modeling long-range
network compaction was included. A variety of models consider one-dimensional

20 Modeling Morphodynamic Phenotypes and Dynamic Regimes of Cell Motion

345

visco-elastic strips as a model for a radial cross-section through the lamellipodium
[58, 77, 86]. Gracheva and Othmer consider a one-dimensional visco-elastic cell in
contact with a viscous substrate [58]. The inclusion of graded adhesion (strong at
the front, weak at the rear) allows for reproduction of the bell-shaped dependence
of the cell velocity on adhesion strength [37, 58].
In [51], the actin network around a bacteria is treated by an elastic approach.
Filament growth on the bacterial surface produces here elastic stresses that propel
the bacterium forward. The same idea is used in [70] for the study of the symmetry
break at the formation of the actin tail around a propelled bead in a biomimetic
assay. Reference [126] treats the cell as an incompressible, visco-elastic solid and
uses classical mass balance and equilibrium equations to describe its motion. This
model allows to make predictions about the traction patterns on the substrate.
Based on a generic theory for active polar gels [76, 77], a model for the
lamellipodium motion was developed in [78]. Here, the cytoskeleton is treated as
a viscous polar gel. Myosin contraction in the cytoskeleton is included through an
additional intrinsic anisotropic stress.
A model coupling membrane elasticity with actin polymerization has been
proposed in [119] to explain membrane waves driven by actin and myosin. The
wave mechanism is based on the presence of freely diffusing membrane proteins,
the curvature of which influences the morphodynamic pattern of the cell.

5.2 Filament Models
A first model aiming to explain how polymerization of actin filaments can produce
the force of protrusion in migrating cells was proposed in [108]. This “Brownian
ratchet” model considers the polymerization of a stiff filament against a barrier, upon
which a load acts. The barrier is able to diffuse, and the ratchet mechanism is based
on the intercalation of monomers between the barrier and polymer tip. This model
has been extended to an “elastic Brownian ratchet” model in [97], by including the
thermal motions of the polymerizing actin filaments. It was further extended in [98]
by including transient attachment to the obstacle (“tethered ratchet”).
The entropic force exerted by a grafted semiflexible polymer on a rigid obstacle
has been calculated both analytically and by Monte Carlo simulations in [53].
Explicit scaling functions as well as analytical results for certain asymptotic regimes
were found. These results were used in [43, 54] in a model for the actin-based
propulsion of flat rigid obstacles. Polymerization, attachment to and detachment
from the obstacle as well as cross-linking between filaments were considered. The
model is used to find the dynamics of the length for attached and detached filaments,
which is required for the computation of the total force on the obstacle. This
approach has been extended to the propulsion of soft membranes under tension in
[44] as well as of rigid spherical beads in [42]. The actin network is described here
also by continuous state variables reflecting the densities and lengths of the actin
filaments. However, in contrast to the models discussed in the previous section, the
microscopic form of the force exerted by single actin filaments is taken into account
here.
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Several studies model the microscopic growth of the actin network explicitly. In
[16], a stochastic simulation frame for an actin network growing against an obstacle
is proposed, where single filaments and single subunits in each filament are considered. Growth, depolymerization, capping, and branching are included, allowing
the prediction of the network growth velocity. Based on this model, the structure of
branched actin networks has been analyzed in [18]. In [4], actin filaments are treated
as rigid rods under volume exclusion. Polymerization, depolymerization, branching,
and capping are simulated using a continuous-time Markov algorithm, allowing for
the prediction of the angular distribution of the filaments with respect to the leading
edge.
A mesoscopic network approach to the cross-linked actin network has been
proposed in [32]. Here, an Accumulative Particle-Spring model that builds on the
elastic gel model [51] is used. Network links have no direct correspondence to actin
filaments, but the bulk visco-elastic properties of the chains of nodes and springs are
intended to capture the bulk visco-elastic properties of the actin network.

5.3 Coupling of Membrane and Cytoskeletal Dynamics
The common goal of most modeling approaches is finding the dynamics of the
considered obstacles, e.g., the regime of motion of a bead or bacteria, or morphology
of the leading edge. To this end, the dynamics of the cytoskeleton has to be
coupled to the mechanics of the membrane. Most models do not include directly
this interaction, but assume that the membrane moves at the growth velocity of
the network. A model focusing on the membrane–cytoskeleton coupling has been
proposed in [147]. It combines a filament model [54] for the filament tips that reach
to the leading edge with and a continuum description of the cross-linked part of
the actin network farther in terms of the active polar gel model [78]. Thereby, the
filament model provides the force boundary condition for the visco-elastic part of
the network. In return, the flow of this network provides the grafting points of the
filament tips described by the filament model. This allows for the calculation of the
total force exerted on the membrane that is used to find its dynamics.

6 Mechanisms Suggested by Models
6.1 Comparison of Model Assumptions
One of the main differences between continuum and filament models lies in the way
the interaction between the actin network inside the cell and the cell membrane is
included. For continuum models, the interaction force is assumed to be either a given
constant [78] or to depend mainly on the membrane geometry, e.g., on the curvature
[2, 119, 120]. Filament models include often the length, position, and orientation of
actin filaments, which allow for a more accurate calculation of the entropic force
exerted on the membrane [4, 5, 16, 17, 43, 44, 53, 54, 147].
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Some continuum models require the knowledge of force boundary conditions,
that have to be included artificially, by assuming for example a constant external
force. In [78], such a boundary condition is needed to determine the force profile in
a gel strip across the leading edge and critically influences the resulting leading
edge velocity. Different other models calculate the interaction force in various
ways. In the two-phase flow model [2], the pressure exerted by both filamentous
phase and solvent phase are included explicitly. The analysis of Listeria propulsion
in [51] and the study of symmetry breaking leading to actin tail formation [70]
assume the interaction between the actin network and the obstacle relies on the
formation of an elastic stress at the obstacles surface, due to the creation of a
new layers of gel through polymerization. In [119, 120], membrane waves based
on the competition between protrusive forces due to actin, and contractile forces
due to myosin are studied. Here, the protrusion force is assumed to be proportional
to the local concentration of membrane proteins driving actin polymerization.
Additionally, membrane tension and elastic force are included. A common feature
of these continuum models is that the assumed interaction between the actin network
and membrane/obstacle involves almost exclusively properties of the membrane or
obstacle, and not of the actin filaments, that are not modeled explicitly. However,
it is known that the entropic force exerted by single actin filaments on an obstacle
depends strongly on their fluctuating length and their position and orientation with
respect to the obstacle being pushed [53, 97]. Additionally, in most continuum
models and many filament models describing filaments as stiff rods, the sum of
protrusion velocity and retrograde flow velocity equals the (effective, projected)
polymerization velocity. However, experiments showed that this is not always the
case [69, 89]. In order to include these observations, the properties of the filaments
close to the leading edge have to be modeled explicitly like, e.g., in [43, 44, 147].
The growth of an actin network against an obstacle has been simulated in [16].
The approach includes the position of single filament tips, which is considered for
the calculation of the total force on the obstacle. The dependence of this force on
the filament orientation has been included in [17]. The response of filaments to force
depends sensitively on the freely fluctuating length between the graft point closest to
the leading edge and the filament tip experiencing the force [53]. That dependence is
crucial in understanding different dynamic regimes of cell motion. Long free lengths
yield slow edge velocities because filaments are too floppy to exert a strong pushing
force and cell motion may even pause or stop if filaments become too long and
floppy [43, 75]. Short free lengths yield slow velocities due to the polymerization
rate limitation by strong force [8, 43, 75].
Explicit consideration of the length dynamics of actin filaments [43, 44, 54]
allows to include the dependence of the interaction force on the free fluctuation
length of the filaments. Initially, models made simplifying assumptions on the
dynamics of the cross-linking points of the filaments that are critical ingredients
in determining the force. Recently, a model combining a gel description of the actin
network, a cross-linking dynamics accounting for diffusion of free cross-linkers and
a filament description of the boundary has been studied [147]. The filament model
provides here an accurate force boundary condition for the gel model, that, in turn,
allows for the proper calculation of the filament position and length dynamics.
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Another controversy between several models concerns the relation between local
membrane velocity and local growth velocity of the actin network. Several models
assume for simplicity that the membrane moves with the mean polymerization
velocity of the actin network [31, 78, 113, 119, 120]. This is a strong constraint,
meaning that the relative position of the filament tips with respect to the membrane is
assumed to be constant. Such a constraint is realistic only during steady motion of a
cell, for example, a crawling fish keratocyte. Experimentally, it has been shown that
time shifts up to 20 s between the maxima of protrusion and polymerization velocity
at the leading edge are possible in dynamic regimes with oscillatory motion [69].
Most models do not reproduce this phase shift between polymerization and
protrusion, and that has to be seen in connection with the force balance at the leading
edge, the way retrograde flow is included, the force–velocity relation and the relation
between polymerization and leading edge motion. If the leading edge velocity is
equated with the polymerization velocity (in some models subtracting a constant
retrograde flow), there is no phase shift between protrusion and polymerization and
the force–velocity relation will reflect the force dependence of the polymerization
rate. However, measurements with fish keratocytes showed that the force–velocity
relation is different from the force dependence of polymerization [63, 112].
Several models do not couple actin network and boundary motion by the
same velocity, but by the same interaction force, according to Newton’s third
law. The processes contributing to the force balance and the relation between
force and gel flow as well as force and membrane velocity then decide whether
the measured force–velocity relation for the whole cell and the measured phase
behavior are explained by the model. Many studies assume a linear relation between
the total force exerted on the membrane and the resulting membrane velocity
[16, 43, 44, 53, 119, 120, 147]. That relation results from the assumption of a viscous
drag to over-damp membrane velocity dynamics. This drag comprises viscous drag
from the external medium and the transport of membrane to the protruding parts
of the cell. As mentioned above, some models describe membrane resistance as a
constant force.
The force driving protrusion is due to polymerizing filaments in lamellipodial
motion [1, 14, 73, 110]. The force with which these filaments push against the
membrane determines the polymerization rate [53, 98]. Models for the motion of
protein-coated beads include also the force exerted by attached filaments on the
obstacle surface [9, 42, 98]. Groswasser et al. derive a bi-phasic friction force–
velocity relation from this transient attachment of filaments [9]. It causes an
additional friction force proportional to the velocity at small velocities. At high
velocities, this additional friction force vanishes, since the time during which
filaments are attached drops at a certain velocity. Thus, for high velocities, the
proportionality constant between force and velocity is reduced. This bi-phasic
friction may lead to bead velocity oscillations [9]. Interestingly, velocity oscillations
are possible also when the friction force–velocity relation is assumed to be linear,
but attachment to the obstacle is considered in the computation of the total force
on the obstacle by separating the dynamics of attached and detached filaments and
tracking their mean length [43,54]. This explicit consideration of attached filaments
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comprises contributions of each of them to the force balance at the leading edge,
which again may change the phase relation between protrusion and polymerization.
If there are only viscous or constant forces resisting motion, each change in the
polymerization force necessarily entails immediately a change of velocity without
phase shift. Other forces resisting motion – like the one from attached filaments –
can modulate this temporal relation such that an increase in polymerization may
first increase retrograde flow or compress filaments close to the leading edge and
only slowly or later protrusion. That can be investigated by models like introduced
in [147].
Mathematical models for cell motility vary further in the complexity of the
biomechanical processes considered. Creation of new filaments by nucleation has
been explicitly included in some filament models, either by assuming creation on
existing filaments (autocatalytic model) or free creation on subsequent attachment
to existing filaments (nucleation model) [4, 17–19, 22, 24, 90]. Similarly, filament
capping and severing has been included explicitly in [21,23,90,95,96]. By contrast,
other filament models assume implicitly that the processes involving creation and
severing of filaments are balanced, such that a steady state with a constant number
of active filaments is reached [43, 44, 53, 97, 147].
Several models include contraction of myosin motors explicitly, e.g., [20, 78,
86, 102, 113, 119, 120, 147]. Similarly, adhesion to the substrate might be explicitly
included [78,81,102]. Other models neglect these processes, under the tacit assumption that protrusion at the leading edge is decoupled from attachment/detachment
to the substrate and contraction of the cell body. Attachment to the membrane or
the surface of propelled artificial objects is explicitly included in several models
[44,53,90,98], motivated by different attachment mechanisms found experimentally
[27, 52, 80]. The whole actin cycle including the major regulatory mechanisms has
been modeled in [10, 11].

6.2 Comparison of Sets of Experiments Explained by Models
The morphodynamics of crawling cells has been analyzed in several experimental
conditions and with different cell types. Using various analysis techniques and
computational tools, high-resolution membrane velocity maps along the leading
edge can be obtained from processing experimental images.
Velocity maps of crawling cells show distinguishable morphodynamic patterns,
some of which seem to be characteristic to the cell type under the given experimental conditions. Experiments with spreading cells show lateral membrane waves
[40], periodic lamellipodial contractions [56, 143], and phase transitions between
different morphodynamic pattern during the spreading process [39]. Observation
of different types of migrating cells has shown traveling waves with different
profiles, like protrusions spreading laterally from one point of the membrane in
both directions, traveling retractions, and slightly spatially modulated velocity
oscillations [91].
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Early models for cell migration aim to explain the global movement characteristics of the cell, e.g., traveling speed and steady height profile [31, 78, 86, 96, 97],
shape determination of motile cells [73, 113] or the structure of the actin network
[4, 16]. Later models include the morphology of the leading edge. The existence of
periodic traveling waves along the lamellipodium can be explained by combining
protrusion forces due to polymerization and contraction forces due to the presence
of myosin motors [119, 120]. The wave mechanism described by Shlomovitz et
al. requires molecules inducing lateral curvature of the leading edge and myosin
activity [119]. However, at least some types of waves do not depend on myosin
activity [40, 91]. An alternative wave formation mechanism, based on the competition between protrusive forces due to detached, polymerizing filaments and
pulling forces due to attached filaments has been proposed in [44]. It reproduces
the laterally traveling protrusions, the modulated velocity oscillations and the Racinduced transition between both patterns. In agreement with experiments, the lateral
velocity of protrusions is independent from cell velocity and both patterns do not
depend on myosin activity [44].
The velocity oscillations of Listeria bacteria have been modeled with the elastic
gel theory by Gerbal et al. [51]. This theory offers an explanation for oscillations
due to a competition between actin gel growth from the sides and growth from
the back of the bacterium, with different velocities and strengths for each. While
the simulated period agrees well with experiments, velocity amplitudes are about
one order of magnitude larger than measured values [51]. The filament model by
Gholami et al. including dynamics of free filament length and filament attachment
to the bacterium reproduces Listeria velocity oscillations quantitatively with respect
to periods and amplitudes [54].
The validity of model predictions can be further tested with the help of
biomimetic systems, where various parameters can be changed, in contrast to
migrating or spreading cells. Experiments on protein-coated spherical beads [9, 33]
and oil droplets [12,33] have revealed different regimes of motion – continuous and
oscillatory, and identified parameters that might induce transitions from one state
of motion to the others. The same model as used by Gholami et al. for Listeria
with slightly changed parameter values also reproduces the velocity oscillations
observed with oil droplets including the onset of oscillations due to weakening of
filament attachment by VASP [43,134]. The mechanism has periodic attachment and
detachment of filaments as central processes [43, 134]. There are several theoretical
studies on bead motion characteristics [9, 42, 51, 90, 98]. Mogilner and Oster
demonstrated the compatibility of attachment and propulsion by polymerization by
the ground-breaking tethered ratchet model [98]. Elastic gel theory explains velocity
oscillations of protein-coated beads [9] by a mechanism called the “soap effect”,
“because it recalls the rapid motion of a wet bar of soap slipping away as it is
slowly squeezed by hand”. [51]. This is mainly justified by scaling arguments for
maximal velocities of the oscillations and the threshold for the onset of oscillations
in dependence on the bead radius [9, 51]. The oscillation mechanism relies on a
curved obstacle surface and the bi-phasic dependence of the friction force on bead
velocity mentioned in the previous section. Bead motion has also been investigated
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by the model used for Listeria motion, oil droplets, and morphodynamic phenotypes
[42–44,54]. The oscillation mechanism is essentially the same as with oil droplets or
Listeria. That model is able to simulate the velocity oscillations quantitatively with
respect to periods and amplitudes except a small shift in the average velocity [42].
It also reproduces the dependence of the onset of oscillations on the bead radius and
protein density on the bead surface.
While there are many models explaining very well certain aspects or systems of
cell motility or morphodynamics, the appeal of the modeling concept including the
dynamics of free fluctuating length of filaments, filament binding dynamics at the
obstacle surface, force-dependent polymerization and – if required – nucleation and
capping is for us the reproduction of experimental results with a variety of systems
in a very intuitive way [42, 43, 45, 53, 147]. It also offers a natural explanation for
the variety of dynamic regimes observed in cell motility, morphodynamics, and
biomimetic systems.

7 Open Problems
According to our view on the field, there are three conceptually highly relevant
problems the solution of which could advance the field: (1) Despite the molecular
similarities between the variety of biological and biomimetic systems, there is not
a unifying theory or model. (2) There is no satisfying theoretical explanation of the
force–velocity relation of fish keratocytes. (3) The phase shift between protrusion
and polymerization is unexplained and the function of the two functionally and
structurally different regions of the lamellipodium – often described as lamellum
and lamellipodium – has not been investigated theoretically.
The force–velocity relation of fish keratocytes must be shaped by the intracellular force generation mechanism. The compatibility of the ideas on force
generation by actin polymerization with measured force–velocity relations has not
been shown in a mathematical model yet. But this if of course required for a
consistent theory on cell motility. The force–velocity relation exhibits a dramatic
velocity drop upon first contact with an AFM cantilever or glass fiber followed
by a concave-down relation in the slow-velocity regime [63, 112]. The discussion
around it has focused on an explanation for the concave down part since this shape
is in contradiction to the convex shape of the force exponential dependence of the
actin polymerization rate [53, 97]. Most theoretical studies essentially neglected the
initial velocity drop. Simulations of branched actin networks made of rigid rodlike filaments with excluded volume effects taken into account [116] produce a
concave-down force–velocity relation. However, they predict stall forces by a factor
of 20–50 too large. Brownian dynamics simulations of stiff actin filaments in a
branched network [88] also give rise to a concave shaped force–velocity curve but
velocities at half stall force are orders of magnitude faster than in experiments with
fish keratocytes and stall forces are by a factor 200–400 too small. No retrograde
flow is found in actin networks growing under an AFM cantilever [107]. The shape
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of the force–velocity curve of those systems resembles that of keratocytes, though
on much different scales – it takes more than 100 min to reach the stall force which
is in the order of 300 nN. Weichsel and Schwarz suggested to explain this behavior
by a configurational bistability of the actin network [142]. However, that bistability
has recently been excluded as the mechanism of the force–velocity relation in fish
keratocytes by Heinemann et al. [63]. They repeated the measurement with the same
cell and a time lag of 30–40 s. The second measurement should have provided results
different from the first one, if the actin network exhibited configurational bistability
and a state transition shaped the force–velocity relation. However, two repetitions
showed the same outcome as the first measurement. Heinemann et al. excluded
the autocatalytic branching model by the same reasoning. That model explains the
plateau after the initial drop by growing filament density [16]. Such an increase in
density should also affect the second and third measurement, according to [63], what
was not observed.
We subsume the phase shift between polymerization and protrusion and the
structure of the lamellipodium under one problem, because it is likely that the
phase shift depends on structural elements close to the leading edge membrane
showing dynamics which has not been accounted for by mathematical models
yet. Several processes may contribute to such a phase shift: Polymerization drives
not only protrusion but also retrograde flow, the region close to the leading edge
might be much softer than modeled until now, protrusion might not only depend on
polymerization forces but also on the binding of filaments to the membrane pulling it
back. Zimmermann et al. have recently suggested a model including these processes
but it has not been applied to the problem yet [147].
The vision of modeling of morphodynamics is to infer at least in part the state
of signaling pathways and the cytoskeleton from observing the changes of cell
shape and velocity. The starting point can be a biomechanical model in terms of the
elemental processes and rates like polymerization, depolymerization, capping and
nucleation, elastic responses, retrograde flow, membrane tension, etc. The abovementioned problems show that this still has to be established. Modeling of the
control of the parameters of such a model by signaling pathways can then lead to a
comprehensive understanding of morphodynamics and motility.
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