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(4 points): Kohn-Sham energy fun tional and self- onsisten
In Kohn-Sham density-fun tional theory, the total energy is dened as
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Here, the independent-parti le kineti energy Ts refers to the same orbitals {ϕk } as the ele tron density
n:
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a) A self- onsistent ele tron density n is dened as one that solves the same Kohn-Sham Hamiltonian
ĥKS that it denes:


∇2
+ v(r) + vHa [n](r) + vxc [n](r) ϕk (r) = ǫk ϕk (r)
ĥKS [n]ϕk (r) = −
2
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Prove that the following equality holds for a self- onsistent n:
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X
k

1
ǫk −
2

Z

3

d rvHa [n](r)n(r) −

Z

d3 rvxc [n](r)n(r) + Exc [n]

(4)

b) Let an arbitary ele tron density n(0) dene a Kohn-Sham Hamiltonian ĥKS [n(0) ]. In general, the
resulting density is
n(1) (r) =

N
X

k=1

|ϕk (r)|2 6= n(0) (r) .

The Kohn-Sham energy fun tional of the non-self onsistent
through EKS [n(0) ] := E[n(1) ]. Show that
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−
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density n(0) is then dened

1
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(8 points): Variational total energy for H and He atoms
Use Mathemati a and a simple variational wave fun tion Ansatz

Exer ise 11

ϕ(r) =



2β
π

3/4

exp(−βr2 )

(7)

(with β in units of 1./bohr2 as a variational parameter) to approximate E[n] separately for both
programmed ex hange- orrelation expressions of exer ise sheet 3. (Slater's Xα fun tional for α= 23 ,
and the lo al-density approximation due to Perdew and Wang), for the H and He atoms.
What is the optimum value of β for H and He, respe tively? How does E[n] behave with β ? How do
the total energies ompare to the quantum-me hani ally expe ted results?
Hints: To obtain E[n] in Mathemati a, use the following information:
a) For non-spinpolarized H and He, n(r) = Z · |ϕ(r)|2 (Z =1,2).
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b) For a normalized Gaussian harge density
nGauss (r) =

 γ 3/2
π

Z · exp(−γr2 ) ,

(8)

the orresponding ele trostati potential expression is
vHa [n

Gauss

√
erf( γ r)
](r) = Z ·
.
r

(9)

) Use vHa [n](r), the programmed ex hange- orrelation expressions of exer ise 9 for vxc [n](r), and
v(r) = −Z/r to determine the expe tation value of the Hamiltonian, ǫ = hϕ|ĥKS |ϕi by radial
integration.
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