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Exercise 9 (4 points): Kohn-Sham energy functional and self-consistency
In Kohn-Sham density-functional theory, the total energy is defined as
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Here, the independent-particle kinetic energy Ts refers to the same orbitals {ϕk } as the electron density
n:
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a) A self-consistent electron density n is defined as one that solves the same Kohn-Sham Hamiltonian
ĥKS that it defines:
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ĥKS [n]ϕk (r) = −
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Prove that the following equality holds for a self-consistent n:
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b) Let an arbitary electron density n(0) define a Kohn-Sham Hamiltonian ĥKS [n(0) ]. In general, the
resulting density is
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The Kohn-Sham energy functional of the non-selfconsistent input density n(0) is then defined
through EKS [n(0) ] := E[n(1) ]. Show that
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The preceding expression are the real link between the sum of eigenvalues of the effective single-particle
equation of density functional theory, and of the many-electron total energy. Evidently, the two are not
equal – the corrections to the sum of eigenvalues are also called “double-counting corrections”. As you
can see, care must be taken to use consistent definitions when faced with non-selfconsistent densities.
Exercise 10 (4 points): Hellmann-Feynman-Theorem
The Hellmann-Feynman theorem states that the “forces” on atoms in the Born-Oppenheimer approximation, i.e. the total energy derivative with respect to atomic positions, are due to pure classical
electrostatics. Thus, all explicit quantum mechanical terms vanish exactly, and only the electrostatic
interaction between the nuclei (the external potential v(r)), and the electron density n(r) survives:
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Starting from density-functional theory, prove that this equation is indeed valid when the electron
density n(r) is the fully self consistent result.
Please turn over!−→
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Exercise 11 (4 points): Ionization potential and symmetry breaking.
This task is an addition to the computational exercise number 8, for free atoms. As before, the
below questions are just a “skeleton” – please refer to the accompanying, more detailed script for more
information.
a) In exercise 8, we addressed free atoms with an implicit assumption that their ground state is
spherically symmetric. In fact, in Hartree-Fock theory as well as DFT, this is usually not the
case. Follow the detailed instructions in the exercise to break the symmetry of the Si atom in
Hartree-Fock theory. What does the density look like?
b) A classic measurable property of atoms is the ionization potential, tabulated, e.g., at
http://en.wikipedia.org/wiki/Ionization_energy .
For the Si atom, use the total energy difference between the neutral and +1 charged atoms to
compute the ionization potential in Hartree-Fock theory. Compare your results to the experimental value, and to the highest occupied single-particle eigenvalues of the neutral Si atom. What
do you find? How good is Koopman’s theorem? If you had used the symmetric atoms of the
previous exercise, how good would the result have been?
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Regular and active participation in the exercises
Presentation of homework tasks and
50% of the homework points.
Active participation in computational exercises

• Consultation hours:
– Prof. Dr. Matthias Scheffler, Dr. Alex Tkatchenko, Dr. Patrick Rinke: by appointment
– Dr. Volker Blum: Available Wed. 16:00 (after the exercise class) or by appointment

